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Reversible Cascades with Minimal Garbage

Dmitri Maslov and Gerhard W. Duecklember, IEEE

Abstract— The problem of minimizing the number of garbage construction, resulting in much more powerful computers and
outputs is an important issue in reversible logic design. We start computations.
with the analysis of the number of garbage outputs that must be Most gates used in digital design are not reversible. For

added to a multiple output function to make it reversible. We give
a precise formula for the theoretical minimum of the required example the AND, OR, and EXOR gates do not perform

number of garbage outputs. For some benchmark functions, re€versible operations. Of the commonly used gates, only the
we calculate the garbage required by some proposed reversible NOT gate is reversible. A set of reversible gates is needed to
design methods and compare it to the theoretical minimum. design reversible circuits. Several such gates have been pro-
Based on the information about minimal garbage, we suggest posed over the past decades. Among them aredhéolled-

a new reversible design method that uses the minimum number .
of garbage outputs. We show that any Boolean function can be not (CNOT) proposed by Feynman [3], Toffoli [20], and

realized as a reversible network in terms of this new approach by Fredkin [4] gates. These gates have been studied in detail.
giving the theoretical method of finding such a network. Using However, good synthesis methods have not emerged. Shende

a heuristics synthesis approach, we create a program and run et al.[17], [18] presented an exhaustive method that produces
it to compare results of our synthesis to the previously reported 5 minimal circuit with up to 3 input variables. In addition they

synthesis results for the benchmark functions with up to ten . . .
variables. Finally, we show that the synthesis for the proposed presented a synthesis method for larger functions that relies

model can be accomplished with lower cost than the synthesis of ON gate libraries. Iwamat al. [5] describe transformation
EXOR PLAs. rules for CNOT based circuits. These rules may be of use

Index Terms—Logic synthesis, reversible logic, minimal in a synthesig method._MiIIer [11] uses spectral techniques to
garbage, quantum computing. find near optimal circuits. Results were reported for 3 and 4
variable reversible functions. Mishchenko and Perkowski [14]
suggest a regular structure of reversible wave cascades and
show that such a structure would require no more cascades

NERGY loss is an important consideration in digitathan product terms in an ESOP realization of the function.

design. Part of the problem of energy dissipation i fact, one would expect that a better method can be found.
related to non-ideality of switches and materials. Higher levefse algorithm sketched in [14] has not been implemented. A
of integration and the use of new fabrication processes ha“é@mar symmetric structure has been proposed by Perkowski
dramatically reduced the heat loss over the last decades. Eh@l.[16] to realize symmetric functions. Khan and Perkowski
other part of the problem arises from Landauer’s principle [9§], [7] introduce a new family of gates and describe a
for which there is no solution. Landauer’s principle states thgynthesis method for this new family. The aim of their method
logic computations that are not reversible, necessarily genergteéo minimize the gate count.
heatkT «log 2 for every bit of information that is lost, where  Traditional design methods use, among other criteria, the
k is Boltzmann's constant an@ the temperature. For roomnumber of gates as complexity measure (sometimes taken
temperaturel’ the amount of dissipating heat is small (i.ewith some specific weights reflecting the area of the gate).
2.9 % 107" joule), but not negligible. The design that doesrom the point of view of reversible logic we have one more
not result in information loss is called reversible. It naturallyactor, which is more important than the number of gates used,
takes care of heating generated due to the information logamely the number of garbage outputs. Since reversible design
This will become an issue as the circuits become smaller. methods use reversible gates, where number of inputs is equal

Reversible logic has applications in nanotechnology, quaga-the number of outputs, the total number of outputs of such a
tum computing, low power CMOS, optical computing, anéetwork will be equal to the number of inputs. Some methods
DNA computing. One of the important applications of the re6], [7], [14] propagate the input information to the outputs,
versible logic is quantum computation. Quantum computatiofiserefore introducing constant inputs and garbage outputs—
are known to solve some exponentially hard problems in poljrformation that is not needed for the computation. In some
nomial time [15]. All quantum computations are necessaribases garbage is unavoidable. For example, a single output
reversible. Therefore research of reversible logic is beneficfahction of n variables will require at leagt» — 1) garbage
to the development of future quantum technologies: reversiljgtputs, since the reversibility necessitates an equal number
design methods might give rise to methods of quantum circeif outputs and inputs.

. . . , The importance of minimizing the number of garbage
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TABLE |

have is a 7 qubit computer [1], therefore it will not be
REVERSIBLE FUNCTION COMPUTING THE LOGICALAND

possible to implement such a design. In other words, in case of
choosing between increase of the number of garbage outputs
and increase of the number of gates to be used in a reversible
implementation, the preference should be given to the design
method delivering the minimum garbage. In this case we will
be able to build the device, while it is impossible with the
other method.

We propose a structure and a systematic design method
that require the minimal number of garbage outputs. This

work focuses on analyzing the conditions for minimal garbage, ) ) ) )
introduces and analyzes the model. The synthesis of reversitsiaown in bold font). To realize the function, the inpumust
functions differs from the conventional logic synthesis, thg€ the constant zero, and two garbage outputs are present. The

following restrictions apply: fan-out and feed back are ndffoli gate [20] realizes this function.
permitted [15]. The previous example shows the necessity of adding inputs
The results of this paper may be applied in any of tp@nd/or outputs to make a function reversible. This leads to the
technologies that support reversible computations. However/@lowing definition.
a few places we mention quantum technologies as informationPéfinition 2: Garbage is the number of outputs added to
on it is easily accessible, which makes it possible to ddake an(n, k) function function reversible.
some calculations that help to estimate the real cost of arOur definition of garbage differs from [4], [6], [7], [14]
implementation. Our algorithm would only be applicable twhere the set garbage outputs does not include the inputs of
quantum minimization if the set of building blocks is restrictethe function if they are passed unchanged. However, for the
to Toffoli gates. Additional concerns might be of interest foanalysis in this paper our definition is more practical. Let us
quantum computing, in particular minimizing the critical patfilustrate this with the following example. Given information
gate count. In general, the paper is not tied to any specifio the number garbage outputs and the number of outputs of
technology. the function, with our definition the total number of variables
The remaining part of the paper is organized as followsan be easily found. In terms of the other garbage definition
In Section 2 we give basic definitions of reversible logithe values of the outputs and garbage bits have to be computed
theory. In Section 3 we analyze conditions for minimal garbader all possible inputs in order to calculate the total number
and inspect the number of garbage bits in existing reversiie variables in the circuit.
synthesis methods of multiple output functions. We introduce We use the term “constant inputs” to denote the inputs that
a new reversible synthesis model in Section 4 and show soare added to afin, k) function to make it reversible. In the
theoretical results, such as a regular synthesis procedure. Phevious example a single constant input was added, namely
theoretical synthesis method is likely to produce large circuitthe variablez. The meaning of the prefix “constant” of the
Therefore, a heuristic synthesis method is developed and tegtth is easy to see from the same example. The target output
on some benchmark functions in Section 5. We conclude tiserealized when the constant input is 0.
paper by showing that the optimal reversible synthesis in ourThe following simple formula shows the relation between
model is beneficial in comparison to the synthesis of EXOgarbage outputs and constant inputs
polynomials.
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input + constant inputs = output + garbage bits.
Il. BASIC DEFINITIONS ) i
There are many ways of making a multiple output Boolean

Definition 1: The n-input k-output Boolean function fynction reversible, each requiring a different number of
f(x1,@,...,w,) (referred to as(n, k) function) is called garpage outputs to be created. We start by analyzing the
reversible if: conditions for the number of garbage outputs. We analyze

« the number of outputs is equal to the number of inputshe number of garbage bits for existing synthesis methods. A

« each input pattern maps to a unique output pattern. conclusion of this analysis can be summarized in a few words:

In other words, reversible functions are those that perforthe number of garbage is excessive, therefore a different
permutations of the set of input vectors. We illustrate the neagproach/model should be created. There are some restrictions
for garbage outputs and/or constant inputs with the followingn the new model. First, and very important, is few garbage
example. outputs (in fact, it will be the theoretically minimum number).

Example 1:Consider functior{z,y) — xy (where concate- Second, the model gates should have a reasonable cost if
nation denotes the logical AND operation). It is impossible tnplemented in at least one of the technologies that support
make it reversible by adding a single output. One of the waysversible logic implementations. Finally, the results of the
to make it reversible is adding one input and two outputs satual synthesis should not be large in comparison to the other
that the function becomes as shown in Table I. The outpsygnthesis method results. If such model is created, it may be
vector of the desired function can be observed in the thixgry important for evolving further reversible logic theory and
output column of the table when the value of variable- 0  bringing its theoretical results to an actual technology.
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TABLE I

Il. MINIMAL GARBAGE
NUMBER OF GARBAGE OUTPUTS IN DIFFERENT MODELS

Before we analyze the number of garbage outputs in other

models, we need to show a formula to calculate the minim ngamf ”71 Ol%t RVg(BZG RPGQASG KSP?SB maxloo MOG
. . : L: 2Xp >

number of _garbage bits reql_ured for any reversible syntheJ.\gsym 91 50 75 50 750 5
procedure independently of its nature. b1z | 16 | © 43 > 120 41 6944 13
Theorem 1:For an(n, k) function the minimum number of | clip [ 9 | 5 72 > 45 N/A 37 6
garbage bits required to make it reversiblgliss(1/)], where |7 256 130 ‘i; == '\‘1/@ 116%840 244
M is the maximum of number of times an output pattern iStg7z =13 a3 >3 a7 35 5
repeated in the truth table. rdgd | 8 | 4 66 36 68 70 7
Proof: The output of a reversible function is a permuta- sao2 | 10 | 4 38 > 55 52 513 10

; L ; : L 481 | 16 | 1 29 > 136 28 42016 | 16
tion of its input. Therefore, the obstacle in having a multipl voz 251 8 05 o~ T 1308422

I

output function being reversible is that some output patte
appears more than once. In order to separate these outputs

we have to introduce new inputs to assign additional bits to\we calculated the number of garbage bits in the proposed
the output vector. If an outpulo:, 02, ..., 0) has the largest models for some benchmark functions. Table Il summarizes
occurrence in the output vector and it appeafstimes, then tne result for the methods suggested in [7], [14], [16] for some
in order to separate different occurrences of it we need g@nchmark functions used in [14]. The first column shows the
introduce([log(M)] new output bits[log(A)] new bits will - nhame of the function, the second and third are the number of
be capable of creatirgf'°=(*")1 > A new patterns. And, since input and output bits respectively. The fourth colurRWCG)

the output(oy, 02, ..., o) had the largest occurrence among alk the number of garbage bits in the wave cascade model.
other outputs, all other outputs can be easily separated frgffjumn RPGAG shows the number of garbage bits for the

one another by means ¢fog(M)] bits. B RPGA method given by the formula described above. Since
_ _ o every non-symmetric function can be made symmetric by
A. Analysis of Garbage in Existing Methods adding new outputs, the procedure of making the function

In this subsection we analyze number garbage bits fiaversible can be done prior to the usage of the algorithm
proposed reversible designs for non-reversible multiple-outpag suggested by Perkowskt al. [16]. In general, such a
functions. Several of the proposed design methods (for exaptiocedure requires many additional inputs, each resulting in a
ple [8], [17], [18], and [11]) start with a reversible functionhigh garbage price for their introduction. In cases where the
we will not deal with them. The garbage bits are introduceitinction is not symmetric we use the sign-"to represent
in a preprocessing phase, during which the function is matiét the actual garbage output count is higher. Numbers in
reversible. Note that there are many ways in which the valtiee sixth column KPG) represent the garbage cost for the
of the garbage outputs can be set. Different settings of thd€ean family gates synthesis. The seventh column shows the
variables will lead to results with varying complexity. Belowmaximal output occurrence, the logarithm of which added to
we concentrate on the analysis of the garbage in reversibte function input size forms the last column—the minimal
synthesis methods for multiple output functions. number of garbage bits to be added to make the corresponding

Mishchenko and Perkowski [14] suggest a reversible wafignction reversible.
cascade. The design is shown in Fig. 1A. For the purposesiVe conclude this subsection with the observation that all
of garbage analysis here we concentrate only on the numbweiee regular methods analyzed have garbage that is far from
of garbage outputs added. Trivial analysis of the number dfe theoretical minimum. In the next section we introduce
garbage bits shows that in the proposed model the garb&g@ew regular structure with better garbage characteristics;
size will be (n + M), wheren is the number of inputs of the in fact, the number of garbage outputs is the theoretical
multiple output functionf and M is the number of cascadesminimum.

(Maitra terms) in the particular realization of a function.

Perkowski et al. [16] suggest a regular structure for a IV. A NEW STRUCTURE REVERSIBLE CASCADES WITH
symmetric (n, k) function reversible design, called RPGA MINIMAL GARBAGE
(Fig. 1B). The synthesis for a symmetric function, as it ig. Definition of the Model

easy to see from t_he structure Fig. 1B, will require numper of We consider the set of model gates which is based on the
garbage bits that is equal to the sum _Of the r_lumber of 'npﬂéneralized Toffoli gate with additional negated controls. We
and the number of gates used (additional wires are reser\@é the same pictorial representation, and taken)-gates
for the outputs), which gives where each horizontal line is one of the following 4 types
nn—1) nn+1) (Fig. 2):
2 2 1) Target line. Each gate has a single target line appearing
Khan and Perkowski [6], [7] propose a method that has a  at some positiory.

similar structure to the one described in [14]. The synthesis2) Positive control line. If the input on this line is zero, the
and garbage results for these methods are essentially the same, value of the target line will not change. If the input is
although later work has, on average, worse results both in the one, the other positive/negative control lines determine
number of gates and the number of garbage bits. whether the value on the target line is negated.
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Fig. 1. Two reversible design structures.

xi_@_ X;—o—— TABLE Il
Type 1 Type 2 TRUTH TABLE FOR EXAMPLE 2
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Fig. 3. A single gate. Fig. 4. Circuit used in Example 2.

3) Negative control line. If the input on this line is one, Further, we refer to this model as RCMG (Reversible

the value of target line will not change. If it is zero,Cascades with Minimal Garbage).

the remaining positive/negative control lines determine

whether the value on the target line is negated. B. Quantum Cost Analysis
4) Don't care line. The value on this line does not affect Quantum technology (technologies) is one of several tech-
any output. nologies that uses reversible gates and computations. So, it

. L . . is interesting to analyze the generic quantum cost of the
The vertical line intersects horizontal lines of types 1-3. In o

. : introduced model to see whether and how it differs from the
other words, for the given set of inpufsy, zo, ..., 2, }, the

subset of variableéz; .z 1 integerj € {1,2, ...n} costs of the gates used by other models.
. o . Virs Tizy oo Lin I gety P Quantum transformations are necessarily reversible, this
j # i1, # io,...,J # i, and set ofl < k < n Boolean

. . follows from the only condition used to determine whether
numbers{oy, o9, ..., 0% } the family consists of gates that leave y

. . : ransformation can mplished: it m nitar
all the bits unchanged, except for theh bit, whose value is a transio atho ca fbe ac;;o dp shed th' ust b;. a udta y
‘ 1,02 2%k |f the term 2% 272 %% Consists of zero operator on the set of amplitudes [15]. This condition does
2y O @y, vy, 2y, T Tir iz i not imply how difficult it is to realize a given unitary transfor-
variables, we assign it a value of 1. oo . - .
i ) i .. _mation; it only states the theoretical possibility. In this paper,
The graphical representation _Of a gate is showr.1 N FIg. 3ye refer to the quantum cost as the number of 1-qubit or two
The network we want to build is a cascade consisting of thgibit controlled-V operations needed to construct the proper
set of described gates. gate (see [2], [15] for more information). This is only a generic
Example 2: Take a reversible functiofxy, z2,23) — (z1® definition that gives us a crude approximation of the actual
Zaxs, T, 1 D xexz) (OUtput is written as a set of minimal cost.
length EXOR polynomials). The fact that the function is In conjunction with reversible logic synthesis, the following
reversible is easy to see from its truth table shown in Tabiensformations can be realized as one gate with unit quantum
lll. A possible implementation is shown in (Fig. 4). cost:
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TABLE IV

« NOT gate (also known as quantum X gate). For Boolean
GATE COST COMPARISON

values it acts as the conventional NOT gate.

« CNOT gate, which acts d80OF(z1; z3). In other words, # of Gar- | Toffoli RCMG gate | Rel. | Average
in the Boolean case it ﬂip$2 iff z1 = 1. controls | bage | gate cost cost < cost< | rel. cost

. . 2 0 5 7 1.4 12
The set _of gates NOT,_ CNOT is not complete since they——3 0 13 16 1231 | 1.115
only realize linear functions. Thus, in order to make the se 4 0 29 33 1.138 | 1.069
complete (as a set of Boolean operators), the Toffoli gate [20 2 8 15215 15361 1-825 1'8‘21411
TOF(J?},(EQ;.I’?,) was added. .Unfortunately, this gate c;annot 6 ] 117 118 1054 T 1027
be realized as a single 1-bit or controlled-V operation. A 7 0 253 260 1.028 | 1.014
guantum realization with cost 5 was found, and it is likely 7 3 124 131 1056 | 1.028
that this is the minimum. The more controls a generalized 8 0 509 517 1016 | 1.008
g 8 4 172 180 1.047 | 1.023

Toffoli gate has, the higher its cost in terms of the number o
elementary quantum transformations required.

The problem of bqlldmg quantum blocks to realize the Tpf- structure a block. The last NOT array of gat¥ is
foli gates was investigated by many authors. For a comparison  ajjed TEMP. IfQ' was one ofz, &, ..., 4, add it to
of quantum costs of the Toffoli and RCMG model gates we  Temp. e

will use the results from [2]. For other implementations the 3) Take next gateQ? € Q from the network. IfQ? ¢

costs can easily be recalculated. , {&1, #3,...,4,} update the TEMP array by computing
Definition 3: The quantum cost of a gatg, |G| is the its exclusive or with the first NOT array ap? that is,

numl_Jer of basg: operatlons_ (1-b|_t and controlled-V type [2]) keep the modulo-2 sum of number of NOTSs at each wire.

required to realize the function given k. If the NOT gate from the TEMP array meets a target

No particular realization of a gate (for most of the gates) was

proven to be optimal, so the numeric valug of_the guantum cost gate, so delete these occurrences from the TEMP array
may change as soon as better gate realizations are proposed. -4 2dd them to the output array of th8 gate. Unite

To analyze the quantum cost of an RCMG model gate, We  yho TEMP array with the AND-EXOR array (create a
suggest starting with its simplification, and then comparing its new block), letQ! := Q2 and go to step 2. If the)?
cost to the cost of a generahzgd Toffoli gate. Notg, that an gate was one of gates , @, ..., ., update TEMP array
RCMG model gate can be considered as a generalized Toffoli by computing the “exclusive or” of TEMP wittp?, let
gate and a set of NOT operations. First, we should try to Q' := Q? and go to step 2. '

minimize the number of NOTS in the circuit. ) When the last gate in the network is reached, create the
The following method of eliminating NOT gates from the last block by attaching the TEMP array.

structure can be used. In some designs, like the one shown . L .
gns, Ttis easy to see that the network consisting of the described

In Fig. 3, two NOT gates may be adjacent. Therefore, th(E)(%)cks is equivalent to the network built from the gatgsThe

ﬁlrg'lfed;tgganit}ezotrhtz:;(iawpgﬁo?/\r/]r?vivnn IIZT F'g' f;]przggglswumber of blocks of the pruned network is the number of gates
9 g g g.>-Ing ' oef\ the initial Q-network minus the number of gates from the

line or a “don’t care” line, it can be passed through the

R 2N set{@1, Za, ..., 4, } Of this Q-network plus the TEMP array.
1o | Therefore, both the set of NOT gates and the length of the
X, YA : structure can only be decreased.

' The new gate will consist of the NOT array in front of the
Toffoli gate, where the NOTs may appear only in front of
Fig. 5. The pruned circuit was obtained by eliminating adjacent NOT gatgs]e control lines, which makes it easy to compare the costs.

p
X3, N

from the circuit shown in Fig. 4. The result of this comparison is summarized in Table IV. It

is important to notice that the cost of the gate in the new

divide any gate from the s&} into three logical parts: model differs from the cost of the widely used generalized

o First NOT array: the set of all NOT gates before thdoffoli gate only marginally. For example, the quantum cost
vertical line. of a Khan gate [6], [7] withk controls is equivalent to the

« AND-EXOR array (the generalized Toffoli gate): the se¢ost of the two Toffoli gates, which, in a rough calculation,

of all AND and EXOR gates on the vertical line. should multiply the cost of a circuit by 2 when compared to

« Last NOT array: the set of all remaining NOT gates. the synthesis results of RCMG model. _
The general rule for pruning NOT gates is as follows: Note that the NOT pruning procedure is post processing,

1) Define TEMP array as an array of NOT gates of Iengtllii'at does not affect the synthesis.
n, such that there is at most one NOT gate in each ) )
position. Initially no NOT gate is present in the TEMPC- Theoretical Synthesis
array. In order to formulate and prove some results we need to
2) Starting from the beginning of a particular network, keepnumerate the set of all gates considered in the structure.
NOTs from the first NOT array of a firgP! € ) gate Every gate can be uniquely specified by describing the set
together with the next AND-EXOR array and call thisof horizontal lines. From now on, we will use the notation
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Qay as,....a, fOr the gate consisting of wire types, az, ...,a, (1,1,...,1,0) < (1,...,1,1). We will also use standard order

in order of appearance from top to bottom. on Boolean constant$: < 1.
Lemma 1:The set of all possible gates in the proposed The method is to copy the input part of the truth table to
structure consists af * 37! elements. the output part, which corresponds to the situation when no

Proof: Distribute lines among the places we have to network is built yet, therefore the output is equal to the input.
fill in order to define a gate. Initially, there areplaces for the Then, apply operations defined by the gates from thelet
target line; after assigning it, there afe — 1) places left to to bring each string to its place, starting from the string with
be occupied by positive, negative and “don’t care” lines to Bbe lowest order and finishing with the string with the highest
placed in any combination. The number of ways to put therarder.
therefore, is3”~!. This gives a total ofn * 37! different =~ Take any string(a1, as, ..., a,) and bring it to its place. If

gates. m the string is already at its place, we are done. If it is not,
Theorem 2:(lower bound) There exists a reversible func-then since we are moving the strings in ascending order, its
tion that requires at least— + 0(2") gates. place is occupied by a string of higher order. This is true,

Proof: The number of all reversible functions efvari- Since by induction the strings of lower order are already at
ables is2"! (as the number of permutations ?f elements). their places and no string is repeated. Therefore, the place
The number of different transformations produced by gates @f (a1, a2, ...,a) is occupied by &by, by, ..., b,). Compose
the setQ is n3"~!. Assuming that taking some of the gate§tring (a1 V bi,a2 V bz, ..., an V by).
and building networks with different order produces different Step 1: increase the order of the targetTake the string
reversible functions (which is not always true, since, fd1,b2;...,b,), find minimali, such thata; = 1 andb; = 0
instance, two consecutive gatés 4 4.... 4, O 77 do nothing), and exchange distance-one string@s, b, ..., bn) and (a; v
we get a complexity for the hardest functionlog, ;.1 (2"!). 01,02V b2, ...;a; V bi, bis1, ..., by). Now, the place where we
This means that there exists a reversible function which cananted to se€as, az, ..., a,) is occupied byInc; = (a1 Vv
realized with a complexity not less thany,,3.—1(2"!). Using b1, a2Vbz, ...,a;Vbi, biy1, ..., by). Now search for the smallest
the formulaln(k!) = k Ink — k + o(k) for k = 2™ write: j such thatj >4, a; =1 andb; = 0 and when it is found,
exchangelncl = (a1 V bl,ag V by, ... a; V bi7bi+17 ,bn)
In(2"1) 9" 2" — 27 4 o(27) \évitr; higherb order st_ring[an_ = (a1 V bl,ag_ Vba,...,a; V _

s = — i bit1, ..., by). Continue this changes until we have string
In(n3""") In(3"7%) + In(n) Inck, = (a1 Vbi,as V by, ...,a, V by,) at the desired position

n2" — 9" 4+ O(2n) (n _ 1)2n + 0(271) of (al, A, ..., an). .
= (n—1)In3 + In(n) = (n—1)In3 + In(n) Step 2: decrease the order _of the. §ourc<_aTake string
(a1 V bi,as V by, ...,a, V by), find minimal 4, such that

10gn371—1 (2”') =

2" +o0(2"/n) 2" on a; = 0 and a; Vb = 1 and exchange distance-one
ln(n) - E‘i‘o( ) Strings(a1\/bl,ag\/bg,...,an\/bn) and(a17a2,...,ai,a¢+1\/
In3 + n—1 bi+1, vy @ V bn) If the Stt‘iﬂgSDecl = (al, ag, ..., iy Aip1 V

I bn) and (ai,az,...,a,) are not equal (other-
. . wise we are done)(a, as, ...,a,) < Dec; and there exists
Theorem 3:(upper bound) Every reversible function can . . e ,
be realized wiEhprf)o more thza;mz" gates. j > 14, such thata; = 0 anda; V b; = 1. In this case
Proof: We use an idea similar to bubble sorting in ou
constructive proof.
First, note that the set of gates that do not have a “do
care” line, i.e. the se)’ = {Qa,.a,..,anl01,02,...;an €
{1,2, 3}, and there exists a uniqug = 1} interchange the two

output strlngs{3—a1,3—a2,...,3—%,1,9@73—%“,...73—%) Note that in order to bringas, as, ..., a,) to its position,

and (3 — a1,3 —az,....,3 = a;-1,%,3 — Git1, 3 — an) N e gig not modify strings with lower order, so they will stay
the output part of the truth table (natural numbers 0 andg} yeir correct places. Second, the number of steps (gates)
should be treatgd as Boolean 0 and 1 respectlvely). Thls a+§9|uired to bring anyas, as, ..., a,) to its correct place equals
means that a single gate changes the two Hamming distanges 5, m of “increase order” and “decrease order” steps, which

one strings in the output part of the truth table. is not more tham. There are2" binary strings, so the method
Second, we define a special total order on the @etbof

exchange strings$a,, as, ..., a;, aj+1 V biy1,...,a, V b,) and
Eal,ag, vy Ay A1 \Y bj+1, vey G V bn) and call |aStD€CQ.
Again, in case ifDecy # (a1,aq,...,a,), keep decreasing
e order by the suggested method until we @g&tc, =
(a1, as,...,a,) and then we are done (a1, as, ...,a,) Is at
its place.

h requires at most x 2™ steps. |
gates. In this order: Note, the constructive proof for this theorem also provides
« strings with a fewer number of ones precede (denoted @2 following statement: any reversible function can be realized
<) those with a larger number of ones; in terms of cascades of the gates from Get
« strings with an equal number of ones are arranged inSince the functions are reversible, the suggested method can
lexicographical order. be used in both directions:

In other words, the order is as followd9,...,0,0) < « forward: as it is described in the theorem;
(,..,0,1) < (0,..,0,1,0) < .. < (1,0,..,0,0) < « backwards: start with the output part of the truth table,
(,..,0,1,1) < (0,...,0,1,0,1) < ... < (1,0,...,0,1) < ... < and using the same method, bring it to the first part
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. . : TABLE V
(where all the Binary n-tuples are ordered lexicographi- TRUTH TABLE OF f (21, 22, 23) — (21 ® Tas, 2, 21 2a3)
cally). The resulting network in this case will realize the e o )
inverse permutatiorf ~1. But, in order to get a network R 12)1 fl? J;3
for the function f, it is enough to run the obtained olol 111110
network for f~! in reverse direction. o|1|lo0]o|o0]oO

Example 3:We illustrate the proof of the theorem on a (1) (1) (1) 2 2 1

(3,3) function f with the output vecton0,1,2,4,3,5,6,7). 1|0 1|lo|1]1

This function was introduced by Miller and Perkowski, and is 1170} 1)0]1

used in [11] as a benchmark function. Later on, it was named 1] 1)1 11010

the Miller gate. Here we use the backwards method. TABLE VI

« The first three output§, 0,0), (0,0,1), and(0,1,0) are
at the correct place.

« Output(1,0,0) (shown in it gray) is not in its place. The
correct position is occupied b§0,1,1) (where the left
arrow shows). In order to bringl, 0, 0) to its place, run
steps 1 and 2 from the algorithm.

— Increase order: interchang@,1,1) with (1,1,1)
(shown by an arrow from left side).
— Decrease order: interchangg 1,1) with (1,0, 1).
— Decrease order: now we can bririg, 0,0) to its
place by changing it witi{1,0,1).
Note that in order to bringl, 0, 0) to its place we touched
strings with the higher order only((, 1, 1), (1,1,1) and
(1,0,1)).

» Take the next element in order(,1,1). It is not in its
place, so we color it gray, find its desired place and p
an arrow from right pointing the target place.

— Increase order: interchangd,0,1) with (1,1,1)
(shown by an arrow from left side).
— Decrease order: interchang@k 1, 1) with (0,1,1) to
put the output string on its place.
Again, no lower order strings were usef,1,1) <
(1,0,1) < (1,1,1).
« Strings(1,0,1),(1,1,0) and (1,1,1) are at their place

DISTANCE BETWEEN f AND ITS PARTIAL REALIZATION

Al RS Jg fr | fa

PRPOROORO
COoORrROORER
ORrRRPRRLROOO
PRrOROOPR

PRPOORROO
PORORORO

Definition 4: A partial realization of f is any functionf’
of the same set of variables.

Definition 5: The distancebetween a reversible functigh
and its partial realizatiorf’ is the Hamming distance between
the output parts of their truth tables (treated as Boolean vectors
Wk lengthn2™).

Definition 6: The error of the functionf is its distance to
the identity function.

Example 4:For the reversible functionf(z,zo,23) =
(1 ® Zaxs, T2, w1 ® xox3) Whose truth table is shown in
Table V the error is equal to 14 (error bits are shown in bold).

Example 5:A partial realization f/(z1,x2,z3) = (x1 &
\ " Zox3, T2, x3) Of the reversible function from the previous
so the network is complete. _ example is at distance 12 (see Table VI) from the target
The theoretical method uses very wide gates, thus t

. = ﬂﬁwtionf defined in Example 2.
guantum cost of the resulting circuit is expected to be Very rhe previous two examples have an even number of error

high. In addition, it is very likely that the theoretical methoq)itS’ and the number of error 1-bits are equal to the number

produces large networks. To build better circuits than g oo o.pits. This result holds in general as shown in the
theoretical algorithm possibly can, we use a different Synthe?gflowing lemma

approach. Lemma 2:The error of a reversible function is even.

Among the error bits the number of those equal to one is
V. HEURISTIC SYNTHESIS
. o the same as the number equal to zero.

Let @ be the set of alllﬁoss_lble gates withinputs. We Proof: To see that this is correct, we can write down the
have shown thatQ| = n3"~". Given the model for function y,th table of a reversible function and consider a column in
!mplementatlon, the problem of synthesis is to write a functiqfs output part. Suppose the error in this column occufs@n
in terms of a sequence of gates from the Qet bits ands 1 bits. Since the function is reversible, each column

We solve this problem using an incremental approach. Thgti,e output part of the truth table contaizfs~! zero bits and

is, we repeatedly choose a gate that will bring us closer $2-1 yne bits. Therefore. the chosen column fs ! —k+s)

the desired function. In order to. do this we need to bel abi%ros (ask O bits are actually ones andones are actually
to measure how close two functions are, and we call this tQSros) and2"~! — s + k) ones. This observation results in

distance between two functions. We then choose the gate thaf following set of equations:
will decrease the distance between the realized function and
the target function. We continue to do this until the distance ol g fpmonl g g=onl
is zero.
To give a formal definition of the distance, we need thfor which the only solution isk = s. Therefore, the total
following: number of errors in this column is+s = 2k, an even number.
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000 000 000 000 000 000
001 001 001 001 001 001
010 010 010 010 010 010
100 100 100 w101 111 011
B 011 111 D » 101 : 100 100 100
101 101 111 111 101 101
110 110 110 110 110 110
| 111 | 011 011 011 011 111
Increase Decrease Decrease Increase Decrease
order. order. order. order. order.

Fig. 6. Building a network.

The same proof can be given for eachrobutput columns, method is given in Theorem 3. The proof for this theorem
thus the total error is an even number. B is constructive and suggests a design procedure. The only
Note that we actually proved a stronger statement, namelfiing that is left to prove is that the steps “Increase order”
the error is an even number in every output column. Thand “Decrease order” are non-positive. Indeed, the essence of

other consequence we can derive is that the distance betweach of these steps is to put a correct Bitf¢r “Increase

a function and its partial implementation is always an evesrder” and1 for “Decrease order” steps) in its place. The
number. It is also not hard to see that the number of ones thamma above states that each of these steps are non-positive.
are out of place is the same as the number of zeros that &tgs fact allows us to formulate the following result and use
out of place. it as a core to create a synthesis algorithm.

Consider the following simple idea for a synthesis method Theorem 4:There exists a synthesis method that adds a
(it will be used later as a basis for the heuristic synthesjmte only if it performs a non-positive change to the distance
algorithm we try to build): start with the identity function,function. Such a method converges for any reversible function.
find a gate from the se&p such that when added to the partial
realizationf’ will decrease the dist_ance o Sometimes Fh(.are A. The Algorithm
is no gate that decreases the distancef tdHowever, it is ) . .
always possible to choose a gate that at least does not increagd'e actual implementation of the algorithm works as fol-

the distance tgf. For an illustration see Example 6. ows: _ _
Example 6:A reversible function with specification 1) Define the numbet/azMoves (we used values in the

(z,y) — (y,%) and the identity function, have this property: range of 50-500 in our implementation).

no gate will improve the distance function. 2) While the distance is greater than zero from among
We use the wordstep to denote the addition of a gate to all @ gates, find the best/axzMoves gates. For each

a cascade network. Therefore, the number of steps made is ©f them, find the best second step. After this step

the number of gates in the network. A step is caltexitive there areMaxMoves pairs of gates in the list. Search

(negative)if the distance increases (decreases). for the sequence of 2 gates that maximally improves
Lemma 3:(existence of non-positive steplf the distance (minimizes) the distance between the existing partial

betweenf and f is greater than zero (the partial realization ~ realization and the function itself. If such a pair is

f" is not the functionf itself yet), there exists a gate if} unique, attach the first gate to the cascade and go back

that transformsf’ to ' such that the distance betwegrand to 2.

f" is less than or equal to the distance betwgteand . 3) If two or more pairs of gates produce the same improve-

Proof: Let (ay,as, ...,a,_1, X) be a string in the output ment to the distance, activate TieBreaker. TieBreaker is

part of the truth table of some partial realization with an  the function that finds the third best gate for each pair
error in bit X (which is assumed to be on the n-th place  and if one of the pairs has a better third gate (minimizes
without loss of generality). Interchange it with the distance-  the distance function), choose this pair. Then, attach the

1 string (ay, az, ..., an_1, a,), wherea,, = X. To do so use first gate of the chosen pair to the cascade and go to 2.
the gate made of line type$ — a1,3 — as,...,3 — an_1,1 4) If TieBreaker was not able to find a pair where the third
correspondingly, where the Boolean numbefsas, ..., an_1 step gives better improvement, then take the pair that

are treated as natural numbers. It is easy to see that the gate gives the best improvement for the first gate. Go to 2.
with this specification exchanges the named strings and doe§) If the gate to be assigned is not chosen yet, take the
nothing to all others. Errors in the first (n-1) bits stay the same,  first pair of the gates among those that give the best
but for the last bit the following table shows all the possible ~ improvement (from the list produced on step 2). Go to
ways this interchange could happen (Table VII). So, we geta 2.
zero step or a negative step. [ ] Theorem 4 states that the distance will not be increased,
Here the question arises: is it possible to realize the functibecause there is always a zero step available. In general such
without positive steps? The answer is yes, and the designmethod is not guaranteed to converge, although it does
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TABLE VI
EFFECT OF CHANGING ONE BIT

X value | an, value | a, was correct?| error was| error becomes| step is
0 1 Y 1 1 0
1 0 Y 1 1 0
0 1 N 2 0 -2
1 0 N 2 0 -2

os_1,

converge for every function we tried. We use this algorithmate Qa, q,.....a, iS denoted as TOE7', x7’,...,2;" " ';y),
instead of the theoretical one that is guaranteed to convergsjch is constructed as follows:
since the latter is likely to give a larger number of steps, , \write “TOF(".
because the distance can only decrease by at most two. « For eacha;
An (n,n) reversible functionfi, fo, ..., f») in general can
be realized by one of the! possible designs. This happens
if we assume that the order of the output functions does not
matter. We can enumerate the outputs in any order, and thusly
realize different functions. In our case, for the larger functions
(starting from (7,7) functions and larger) we used a heuristic ® A = !
for the output permutation: we took the output permutation that % = 1- By the definition ofQ) gate sucly will be unique.
gave the smallest error for the function or its complement. For Finish with the closing bracket *)".
the functions with a smaller number of variables, we are abf®r example, gate@s1424 can also be written as
to run all the possible permutations and choose the best restifF (@1, z4; 22). This form of writing the gate is better for
Example 7:Consider the function with specificationapplication use since it makes sense out of the structure of a
(x,y) — (y,Z) from the previous example. Without thegate. The old form was used for the simplicity of formulas in
output permutation it will take us at least three gates to buifiathematical proofs.
a network for it: the first step is a zero step, as was shownln this section we compare our algorithm to the previous
in the previous example. Then, we have 2 errors in each @gorithms. Unfortunately, some authors do not give enough
two output bits. This will require at least 2 more gates, sindaformation to allow us to do so. For example, authors of [8]
each of them in the best case scenario can take care oS@ggest an approach for reversible cascade synthesis for one
most one output bit at a time. So, the theoretical minimum @itput functions. They do not provide experimental results, nor
3 gates (in fact, our algorithm terminates in 3 steps). Whéhe algorithm, therefore we can not compare those results to
a function (z,y) — (y,z) with permuted outputs (that is,ours. Shendet al. [17], [18] provide the optimal synthesis
(r,y) — (z,7)) can be easily realized with two steps: anethod for the(3,3) reversible functions only. Reversible

— if a; = 2 write “z;”";
— if a; = 3 write “z;”;
— otherwise do nothing.
Separate different entities with commas.
Write “; z;” at the very end, wherg is defined such that

subsequent negation of first and second input bits. synthesis of symmetric functions [16] is less general than
_ _ our approach. lwamat al. [5] base their method on circuit
B. Multiple Output Functions transforms, but they do not provide any experimental data.

Using the results of Theorem 1 we are able to add theWe compare our results with three systematic methods: one
minimal number of garbage bits in order to make a multipley Miller [11], another by Mishchenko and Perkowski [14],
output function reversible. Then, the reversible function speeind a third by Khan and Perkowski [6], [7].
fication can be synthesized. However, a better approach wouldMiller [11] suggests a reversible function synthesis that
be to calculate the minimal number of garbage outputs, add #tarts with a reversible specification. He uses spectral tech-
corresponding number of bits to the design and assign constaigues to find the best gate (from NOT, CNOT, Toffoli, and
values to them, leaving the garbage outputs unspecified. Théoffoli4, the Toffoli gate with 3 controls) to be added to the
a gate is added if its addition decreases the value of the ermfwork. This method has been modified in [12] to synthesize
according to the procedure described above. The benefitnietworks of the presented RCMG model. In his method the
such realization of a multiple output function is that we doutput function is required to appear as a set of actual outputs
not care about some of the outputs: the actual values of thetheir negations. Miller also used a postprocessing process to
garbage bits are of no interest. This allows us to: simplify the network (results are given in brackets). The results

1) Have more freedom in changing “don’t care” outputdrom all examples in [11] compared to ours are summarized

There is no risk in adding an error to a “don’t care’in Table VI, where name is the name of the benchmark
output. We minimize the distance to the target outpufgnction, in/out is the number of its inputs/outputsliller is

only. the number of gates for Miller's method, awée is the number
2) Have a smaller error and therefore, in general, have lesfsgates for the proposed synthesis method.
steps to make in order to create a network. Mishchenko and Perkowski [14] suggest a reversible wave
cascade method and evaluate the complexity of some bench-
C. Benchmarks mark functions in terms of the size of these cascades. They

Due to the similarity of gates in the s& and the gener- do not provide the actual design for the described method, but
alized Toffoli gates, we introduce the following notation. Thénstead they give upper bounds. We compare their results to
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TABLE VI

, It is also interesting to notice that the benchmawk3
COMPARISON WITHMILLER’S RESULTS

can be realized in terms of an ESOP with 14 terms as the

name | infout | Miller | We result of Perkowski and Mishchenko states. For our method
ex1 3 3 3 this number is 13, which shows that the proposed method can
zig i ? ? do better than EXOR minimization. The following example
x4 3 ) 3 contains one more function for which our method is more ef-
exb 4 5 4 ficient, compared to the standard non-reversible technological
ex6 | 4 |1200)] 7 realization of ESOP, the EXOR PLA.
exr | 4 o | 7 Example 8:The (5, 1)-function 205 whose output is 1 if
TABLE IX and only if exactly two of the input variables are 1 in terms

of ESOP can be realized with 8 terms. Our synthesis method

COMPARISON WITHMISHCHENKO AND PERKOWSKI'S RESULTS . .
is capable of creating a network (for the proposed structure)

Function Garbage Cost with only 7 gates. The functioRo f5 is not balanced, therefore
name | in | out | MP | We | MP | We the minimal number of garbage outputs for it is 5. Thus,
>pl | 7] 10 | 38 | 0 | 31 | 49 the (5, 1)-function becomes &6, 6) reversible function. We
9sym | 9 1 56 9 52 56 . .

{53 15 1 3 | 19 [ 2 | 14 | 13 used the last output to realize the function, and named the
rd73 | 7 | 3 | 43| 6 | 36 | 36 inputs asa, b, ¢, d, e, and f, where the last input is a con-
xors | 5] 1 ]10] 4] 5 | 4 stant 0. The network structure is as follows: T@R, ¢, f; )

TOF(, c,d; f) TOF@,c,e; f) TOF@,b,d, e; f) TOF@, f;e)
TOF®, ¢, d, e; f) TOF®,¢,d,é; f).
ours and summarize the comparison in Table 1X. Although It also happens that the synthesis in RCMG model is
our results are not always better than those of Mishchenkeneficial to the synthesis of ESOPs, which is shown in the
and Perkowski in terms of the total complexity, the importariollowing section.
factor, the number of garbage bits, is definitely improved using
our approach. We were not able to compare the results for VI. RCMG AND ESOP (WMPARISON
functions with a larger number of inputs/outputs due to the To exploit the similarity between the two chosen models,
huge amount of work our program needs to find a networlote that each of the terms in the ESOP can be treated as
representing such a function. In this table, the first three separate gate. All the terms are arranged in the form of
columns describe the function: the name, number of input big,cascade, a string: the EXOR of terms builds the ESOP
and number of output bits of a benchmark function. First paaolynomial. The following summarizes the similarities and
of columnsMP and We lists the number of garbage outputgifferences between the two models.

from the result of Mishchenko and Perkowski’s method and «
our method; the remaining pair of columns compares the
numbers of gates in designs of the benchmark functions fore
Mishchenko and Perkowski's method and our proposed design
respectively. Our method does not always find the realization
with the minimum number of gates, but if we consider the
cost of a benchmark function to be the sum of the number
of gates and the number of garbage outputs, then our method
gives a better result.

Results shown by Khan [6], [7] are weaker (although newer) o
than the results in [14], but for the sake of completeness, we
show the comparison in Table X. Note that our results are bet-
ter in all cases except farsym. However, this is a weakness
of the synthesis method we have, not the model, since every
single output non-balanced function can be realized with the

Both models use the same operations, namely, AND,
EXOR, and negation.

The gates are similar. Each gate acts as an EXOR of the
term built from the input variables. The difference is that
in ESOP the set of input variables is not changing while
passing through the gates, where for RCMG this is not
true.

The number of distinct gates is comparable:3”~1 for
RCMG and3™ for the ESOP.

The gates are in a linear order. The terms being “exored”
form a string, and generalized Toffoli gates form a
cascade. The difference between them is in whether the
order matters. The order of terms in a polynomial does
not matter, whereas the order of reversible gates in our
model does.

cost of the number of terms in its minimal EXOR polynomial Lemma 4:By adding a constant input it is possible to use

as is shown in the Section VI of this.

the results of an ESOP minimization to build a reversible

network for a single output Boolean function.

TABLE X

Proof: Take ann-input Boolean function and create a

zero constant on the input ling,;1. This may result in non-

C KHAN’ oo
OMPARISON WITHIRHAN'S RESULTS optimality of the number of garbage outputs. Transform each

Function Garbage Cost term a7 zf?.. 27" to the qatel'OF (7!, 277, ..., 27 F; Tnt1).
name | in | out | Khan | We | Khan | We Such a transformation of each of the terms in the ESOP results
g;(% ; 110 gg g gg gg in the set of gates of the RCMG; when arranged in a cascade,
53 1 5 1 3 19 ) 17 13 they form a reversible network for the function. [ |
rd73 | 7 | 3 47 6 43 36 The more interesting question is if the RCMG model is
xo5 | 5] 1 10 | 4 ° 4 sufficiently efficient in comparison to the ESOP. The answer
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length = 1+n/2 length =2 Use this last equality to continue from equation (1):
X *‘j — x, foH— yf =M = y(M & M;) o (Mo M;)
Xy~ -+ Xy O = y(Mi ® M?:)) ©0
— — = y(M; & M)
X3 X3 / /
= yM; ®yMs.

— — This ESOP has$Mj| + |Mj| terms. SinceM is minimal, the
number of terms ofM) is zero. Therefore, the number of
I terms of M is also zero, which can be seen from the second
a1 X“'l“j equation in (2). In other words\/ = yMj. [ |

HOTe - Lemma 7:Any optimal ESOP forg(zy,xa, ..., Tn,y) =

X - X
B — B yf(x1, 22, ...,x,), Wherey & {x1, 29, ...,x,}, has the same
0 5 0 ASea complexity as an optimal ESOP fgi(zy, za, ..., 2,,).
A. B. Proof: Lemma 6 enables us to factor variabjeout
of an optimal ESOPM for the functiong(z,xa, ..., Zn,y):
Fig. 7. Two views of the reversible design structure daphard,,. M = yM’, where M’ is an ESOP that does not contain

y in any form. Lety = 1. Then, M’ = (yM')|y=1 =

M‘y=1 = (yf(xhx% ~-~7xn))|y=1 = f(xlaan ,J?n) In
for this question is “yes”, and the following set of Boolearther words, M’ has the complexity of a minimal ESOP for

functions grows polynomially for the RCMG and exponenf(z1, z2, ..., z,), SO the ESORV does also. [ ]
tially for the ESOP. Lemma 8:A minimal ESOP for the function
Definition 7: For every even integen, a Boolean func- g(1,%2,...,Tn, ¥, 2) = yf(z1, 22, zn)
tion exphard, (i, s, ...,x,) is defined as(z; @ x5)(zs @ 2f(z1,72,...,2,), Where y,z are variables and
Z4)e(Tpo1 ® xp). y,z & {x1,x9,...,2,}, consists of at Ieast% terms,
Lemma 5: Function ezphard,, can be realized with cost where|f| is the number of terms in a minimal ESOP ffr
(1 4 g) in terms of the RCMG model. Proof: We can take a minimal ESOF/ of the function
Proof: The cascade of gatesg (L1, 22, ..., Tn, y, z) and write it asM = yM; & M & yMs,
TOF (z1;x2) TOF (z3;x4) TOF (y,_1; %) where My, M, and M3 are ESOPs that do not contain the
TOF(x3,24, ..., 5n_1;%,) defines the structure of thevariabley in either term. Such a decomposition is unique.
network (Fig. 7A). m Notice that the sets of terms in each &f,, M, and M3 do

Note that in the actual implementation the first2 gates Not Intersect:
TOF (z1;32), TOF (23;24), ..., TOF (x,_1; ,,) fOrm a sin- o MyN M, =0;
gle layer. The remaining gate, TOR( zy4, ..., z,) forms the o My N Mz = 0,
second layer. Thus, the total length of the network becomes a@ Mz N M3z = ().
constant, namely 2 (Fig. 7B). Otherwise, suppose thatl; N M, # (. Then, there exists a
To show that no ESOP shorter than an ESOP with exp@rm¢ € (M; N Ms). Sinceyt &t = §t, by deleting these two
nential length can represent functiemphard,,, we need the terms from ESOP4/, and M, and adding it tal/; we get an

following Lemmas: ESOP that has complexity (that is, the number of terms in an
Lemma 6:Every term in an optimal ESOP for ESOP) one less than the optimal ES@P This contradicts

9(T1, T2, ooy Ty, YY) = yf(wy,29,...,2,), Where the optimality of M. Therefore,M; N M, = (. The other two

y & {x1,22,...,2,}, contains variabley and contains it set intersections can be proven to be empty similarly.

without negation. Let y = 0 in the ESOPM = yM; & My & yMjs for the

Proof: Let M be an optimal ESOP for the functionfunctionyf & zf. This results in
e Ty ). Write it as _
9(@1, @2, s Tn, ) (yf & 2f)ly=0 = (yM1 & M ® yM3)[y=o
M = yM; & My © yMy = y(M; & Mz) & (M; © M), (1) and
whereM], M} and M} do not containy. The total cost of this zf =My ® M. ()
ESOP is the sum of the number of termsif, M}, and M},

which is|Mj|+ | M|+ |M}|. Let N be an ESOP foyf. Then
yN forms an ESOP foyf. Add y N and M: Zf = My & Ms. (4)

Similarly, assigningy = 1 leads to

0=yf®yf =yN &M =y(M &M, o N) o (M, ® M). Adding (3) and (4) produces
o f= M & Ms;. (5)
If we write it by components, we have:
Use Lemma 7 to conclude that each of the ESOPs in (3) and
M{® M;® N =0, M@ M =0. (2) (4) has at leastf| terms. So does the ESOP from (5).
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TABLE XI

As we proved before, the sets of termshify, My and M3 COMPLEXITY OF THE FUNCTION caphard

do not intersect, so based on Lemma 7, (3), (4), and (5), the

following system can be written: n | RCMG | NRA RCMG | Exorcism-4 | ESOP min
2 2 2 2 2
[My ® M| = |Mz|+|Ms| > |f| i 3 2 2 3
|]V[1@M2| = ‘]\/[1|+|M2|Z ‘f| . 6 4 2 8 5
M, ® M| = |M|+ |Ms| > 8 5 2 16 8
| My @® Ms| | M|+ [Ms] > | f] & > 2 12
Since 12 7 2 64 18
14 8 2 128 27
|M| = |[yMy & My & yMs| = [My| + [ M| + [ Ms], 1 9 2 250 e
18 10 2 512 62
the problem of finding the number of terms in a minimal ESOP | 20 [ 11 2 1024 93
for (yf®zf) is bounded by the solution of the following linear 2421 g g 421832 %‘118

optimization problem:

(| M|+ [Ma| + | M3|) =7

MIN- 0| + M| > | -
M|+ [Ma] > |f] non-reversible ESOP model. It can be shown that a quantum
[Mi|+ |Ms| > |#] realization of such a hybrid gate has a cost that differs from

3/f] the cost of the original Toffoli gate only marginally. The result

which is given by the expressiohs-. m  of Lemma 4 will now hold for any multiple output Boolean
The proof of the following statement would allow us tdunction.

derive the exact number of terms in a minimal ESOP for

exphard,,. VII. CONCLUSIONS

Conjecture.  The minimal ESOP for the function | this paper we introduced a synthesis model and a synthe-
9(x1, %2, .o, Ty Y, 2) = yf(21, 22, ... 20) sis procedure which allow us to minimize the most important

zf(w1, 29, ., wn), where y,z are variables and acior of the reversible circuit cost—the number of garbage

Y,z & {1, 29, ..., wn }, cONSists oR|f| terms. outputs. We showed that the new gates differ only marginally

Theorem 5:A minimal ESOP for the functioraphard,  from the generalized Toffoli gates. We synthesized benchmark
has at Ieas\/g terms. functions and achieved good results in comparison to the
Proof: This result is easily proven by induction usingoreviously shown results. In some cases our method requires
Lemma 8. m less gates, and in all cases our number of garbage outputs
A better lower bound can be achieved for the best ES@$the theoretically minimal. Finally, synthesis for the RCMG
complexity of theexphard, function by saying that every model was shown to be better than synthesis of conventional
time we apply Lemma 8, the actual ESOP lower bound ESOPSs in the sense that no RCMG representation of a function
3| f] L] . . requires more gates than the number of terms in a minimal
3~ | (as a natural number, greater th%)’ which brings ESOP. On the other hand, there exists a class of polynomial
a larger bound into the next step. The final formula for thigomplexity functions in terms of RCMG which can be realized
observation will look like: as an ESOP with exponential cost only.

iz [[[3] 3] o]

(6)
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