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We review the experimental and theoretical status of superconducting quantum
bits based on Josephson junctions in view of DiVincenzo’s criteria.

This article takes a momentary (summer 2005) snapshot of the field
of superconducting Josephson qubit. It serves on the one hand as an in-
troduction to the general concept aimed at a broader quantum computing
audience containing a guide to the more specifit literature. A particular
focus is given to the rather unique idea of manipulating macroscopic states
quantum-coherently and the intellectual and practical challenges and im-
plications of that work. On the other hand, we have attempted to review
the most significant results of the field. Such a choice is necessarily subjec-
tive and we are probably not fully exhaustive. For exemplifying details we
have typically described our own work — this is what we know best — in

*dedicated to the memory of Martti Salomaa. Parts of the text are based on the Habil-
itationsschrift of FKW, Ludwig-Maximilians-Universitat, 2004.
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a way which highlights the broader ideas and should enable the reader to
comprehend related work of other authors from the original literature.

1. Why Josephson qubits?

The way of computing as we know it in today’s information-processing de-
vices is called classical computing. This implies, that the binary information
stored and manipulated is purely classical in nature: A bit is exclusively
in one of its fundamental states 0 and 1. Computer programs are deter-
ministic, such that (in principle) operating a program on a fixed set of
data leads to the same output data every time. The enormous progress
in hardware improvement follows the self-fulfilling Moore’s law !, claiming
that computer hardware performance will double every 18 months. Al-
though failures of Moore’s law are periodically predicted and have to occur
at some time due to the laws of nature, it is by now expected to still persist
for a time of 10-20 years 3.

Quantum information, the type of information processed in a quantum
computer, is radically different 4°: It uses the predictions of quantum me-
chanics, most notably the possibility of interfering possibilities for different
values of observables at the same time, and to distribute the information
on the physical state nonlocally using entangled states. These properties
can be used as a computational resource. Using superpositions allows to
operate an algorithm on all possible input values at the same time (massive
quantum parallelism), using entangled states and measurements allows to
act on all qubits (quantum bits) simultaneousely.

The requirements for building a universal quantum computer have been
collected very early by DiVincenzo %7. These five criteria enjoy broad recog-
nition and are, supplemented by two more on quantum communication, the
basis for contemporary quantum computing research programs 2. One has
to be aware, that this standard paradigm is by no means exclusive, in fact,
they are based on the circuit model of quantum computing, which does not
apply to, e.g., adiabatic algorithms °.

The DiVincenzo criteria in a timely formulation require:

(1) A scalable physical system of well-characterized qubits

(2) The ability to initialize the state of the qubits to a simple fiducial
state

(3) Long (relative) decoherence times, much longer than the gate-
operation time

(4) A universal set of quantum gates
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(5) A qubit-specific measurement capability

(6) The ability to interconvert stationary and flying qubits

(7) The ability to faithfully transmit flying qubits between specified
locations

This report will describe how superconducting qubits perform on these
criteria.

So far, the physical implementation of quantum computing is most suc-
cessful in nuclear magnetic resonance (NMR), where seven qubits have been
implemented '°. Remarkably, in NMR there is no “strong” measurement
capability nor the option to initialize a well-defined initial state ''. An-
other successful line of implementations comes from optical and atomic
physics, such as ion traps '?!3, atoms in cavities 415, linear optics 19,
and neutral atoms 7. All these realizations have the general idea in com-
mon, that they start out from microscopic quantum systems, systems whose
quantum-mechanical properties are well-established and in principle easy
to demonstrate experimentally. Consequently, the phase coherence times
are very long. The experimental progress towards today’s level has been
the ability to externally control these systems with high accuracy and to
connect many of them to larger coupled quantum systems. However, it
is still not evident whether these systems are really scalable, although a
number of theoretical proposals for scalable ion trap computing have been
brought forward '8.

2. Solid-state quantum computation

Solid state circuits are readily scalable to nearly arbitrary sizes, as can be
seen in the computers available today. In these computers, the informa-
tion being processed is purely classical. The shear size of a solid renders
many of the quantum effects invisible, which would be visible in atomic and
molecular systems. However, the physics laying the foundation of classical
computers is already fundamentally quantum: The function of transistors
relies on the band structure of semicondcutor materials 19, which is a generic
quantum-mechanical effect. Remarkably, also the size of a single transistor
(characterized by the gate length) is on the order of 100 nm or even below
and hence does not rule out mesoscopic effects 2°. The same holds for the
enormous clock speed of several GHz. Hence, as solid state setups are more
and more miniaturized, quantum effects become important. This is the
idea of mesoscopic solid-state physics 2122
systems are in particular appealing, as the conduction electrons are con-

Superconducting mesoscopic
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densed into a macroscopic quantum wave function already. It has already
been proposed in the 80s (for SQUID systems) 2%:24:25:26:2Tand in the 90s
(for Coulomb blockade devices) 2829 that collective variables such as flux
and charge can be brought into superposition of two macroscopically dis-
tinct values. This enterprise has been pursued ever since, but it was only in
the late 90s that it received the high degree of attention and interest it has
now. This increase in interest was largely due to the perspective to realize
a scalable solid-state quantum computer 3°.

The reason why the collective variables of solid state systems usually be-
have classically is decoherence and the lack of quantum fluctuations which
allow the preparation of generically non-classical states. As will be de-
tailed in a later section, the reason for this is coupling to an environment
with many degrees of freedom and low-lying excitations. This is the main
challenge in designing solid-state qubits. A number of proposals has been
brought forward, which can be roughly classified in two classes: Spin quan-
tum computing using a controlled exchange interaction such as in Phospho-
rus in Silicon 3! and spins in quantum dots 32, and pseudospoin quantum
computing, where two-state systems other than spin are used such as charge
states in quantum dots and superconducting quantum bits. The former
promise very long coherence times but are difficult to fabricate and read-
out, thus, the experimental realizations are on a rather pioneering stage
33,34 hut the possibilities are enormous %3637, The status of the latter
will be detailed in the following sections of this chapter.

3. Superconductivity and the Josephson effect

One specific class of promising qubit implementations is based on super-
conducting Josephson junctions.
Superconductivity has been discovered already in 1911 8. It manifests
itself by vanishing electrical DC-resistance and by perfect diamagnetism.
The theoretical understanding of superconductivity is now very ma-
39,40,41,42  Already the phenomenological London theory 43 of super-
conducting electrodynamics describes many superconducting phenomena

ture

rather well. Its modern formulation can be derived microscopically and
accounts for the fact that superconducting phenomena can be described
by the dynamics of a single particle-like wavefunction which describes the
collective properties of all superconducting electrons. In the presence of
an attractive effective interaction, the conduction electrons form Cooper
pairs, which condense in momentum space into a collective ground state.
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Thus, the “superconducting electrons” of the phenomenological theories
are Cooper pairs whose charge is twice the elementary charge. The attrac-
tive interactions between electrons in metallic superconductors is phonon-
mediated. In superconducting metals, this indirect interaction dominates
over the Coulomb repulsion, which is screened and whose phase space is
usually restricted by the Pauli principle.

Superconductivity is in itself a macroscopic quantum phenomenon: The
simple manifestations of superconductivity such as flux quantization 44
persistent currents are quantum properties of the condensate wavefunction.
This wavefunction is occupied by a macroscopic number of particles. How-
ever, in bulk superconductors the wavefunction itself is well-defined and
the collective variables, number and phase, do not have quantum uncer-
tainties. The elementary excitation of superconductors are quasiparticles.
They are separated from the condensate by an an energy gap A. This can
be identified with the order-parameter of Ginzburg-Landau theory 2.

The gap of the elementary excitations makes superconductors attractive
for solid-state quantum computation: The elementary electronic excitations
are costly in energy and can be supressed at low temperatures. At these low
temperatures, also the lattice vibrations are frozen out. Thus, conventional
superconductors promise to have very low intrinsic decoherence 4° although

and

phonons may play a role “6.

The Josephson effect 47 is recognized as a hallmark of superconductiv-
ity. Its basic statement is that Cooper pairs can coherently tunnel between
two superconductors connected by a weak link 4849, This gives rise to a
supercurrent which is controlled by the difference of the phases of the order
parameter in the two superconductors ¢ = ¢1 — ¢2. For weak coupling be-
tween the superconductors, which will be assumed henceforth unless stated
otherwise ®°, the current-phase-relation is sinusoidal,

I = I;sin ¢. (1)

This is the first Josephson equation. From basic consideration of gauge
invariance, one can derive the second Josephson relation, which connects
the time evolution of the phase difference ¢ with the difference in chemical
potential of the Cooper pairs

ho = 2eV. (2)

2In some cases, such as superconductors with magnetic impurities or high-temperature-
superconductors close to surfaces, one still keeps an order parameter A, although exci-
tations below A exist
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The Josephson effect has first been microscopically dervied from the BCS
theory and the tunneling Hamiltonian by Josephson. Later, a number
of pedagogical derivations have appeared, which do not contain details of
BCS theory and hence outline that the Josephson effect is a universal phe-
nomenon whenever two spatially separated coherent wave functions are con-
nected by a weak link 27152, In fact, Josephson effects have been observed
in systems like superfluid Helium 3 and 4 °3:°¢, Bose-Einstein-condensates
55 and molecular junctions °6.

Real Josephson junctions contain more possibilities to transport charge
than the supercurrent. The main mechanisms are:

i) A resistive channel formed by transport of quasiparticles. In tunnel
junctions, this contribution is strongly gapped. Thus, at low T and V,
the effective resistance is very high. In real junctions, there is usually an
increased subgap condutcance due to barrier defects.

ii) A displacement channel through the effective capacitance of the junc-
tion. This capacitance is essentially the parallel plate capacitance between
the superconductors. This can be rather big as tunnel junctions are typi-
cally fabricated in an overlap geometry as discussed in section 5.1.

Nota bene that one can, by combining the two Josephson equations,
interpret the small-signal response of the superconducting channel as a
nonlinear inductance: Following eq. (2) ¢ is proportional to the time-
integral of a voltage and can hence be interpreted as dimensionless mag-
netic flux, ¢ = 27®/®y, where &g = h/2e ~ 2-107Vs is the super-
conducting flux quantum. Thus, we can linearize eq. (1) as I(® + §®) =
I.sin(2n®/®y) + 6®/ Ly, or 61 = §®/L;(P). This defines a kinetic induc-
tance, Lj(®) = ®q/ [271, cos(2m®/®g)] 5758,

These ingredients can be put together into the famous resistively and
capacitively shunted junction (RCSJ) model. It results from Kirchhoff’s
laws and results in a total current I
1 ® - dy -
E%Qﬁ—l-cgqﬁ—[_ﬂ(t). (3)
where §I(t) is current noise. This constitutes the classical equation
of motion of a Josephson junction. The ratio of the coefficients in
this model can be described by two parameters: The plasma frequency
Qpo = (L;(0)C)~Y2 = \/211./C®( and the McCumber damping paramter
Be = RC/(L;/R) = CR?I./®,. The junction is underdamped if 3. > 1.
This model has been extensively studied in the classical regime 425758, Tt
has been derived, in a generalized form, from BCS theory .

Aside from these intrinsic elements, one can of course fabricate an ar-

I.sin ¢ +
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tifical shunting circuit on-chip in order to influence the dynamics of the
junction.

Already on the classical side, Josephson junction circuits enjoy a huge
variety of applications. Superconducting quantum interference devices,
SQUIDs % are used as ultrasensitive magnetometers and can be used e.g.
for measuring brain activity, destruction-free material diagnosis, detection
of astrophysical phenomena, high-sensitivity amplifiers, classical flux logic
etc. As they are largely controlled by fundamental constants of nature such
as e and h and, using eq. (2) can convert frequency into current, Josephson
devices also have various applications in metrology 6.

4. Superconducting quantum junctions

In this section, we will derive the macroscopic Hamilton operator of a
Josephson junction and the ideas behind it. In the next chapter, we will
review several methods to use these junctions in qubits.

Without dissipation as introduced by a shunt conductance (i.e. assum-
ing R = 00), we can rewrite eq. (3) as

D .
%Cqﬁ =1I—I.sin¢. 4)

This is the equation of motion of a particle with coordinate ¢ and mass
C(®o/2m)? in a tilted washboard potential U(¢) = —I¢22 — Ej cos ¢ where
Ej = 1.9y/27 is the Josephson energy. We can introduce a Lagrangian

2
L6.) =5 (52) #-ve )

whose Euler-Lagrange equation is the correct equation of motion eq. (4).
The first term, which plays the role of a kinetic energy, can be interpreted
as charging energy, E(E}? ) = %, where we have introduced the charge on a
capacitor @ = %Cgﬂ) = CV. It follows, that ;D—;;Q = %, i.e. it is propor-
tional to the canonical momentum to ¢. The Hamilton function equivalent
to eq. (5) reads
Q2

H(6.Q) = 5= + U(6). (6)
So far, we have been treating () and ¢ as classical variables. Following
the canonical quantization procedure, we can readily quantize eq. (6) by

identifying ¢ and @ with operators

A 5 W [eﬂ ,Q} = Fhetid, (7)
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This specific form of the commutator would reduce to the usual canonical
commutator if ¢ were not a compact variable 2. For 27-periodic potentials,
this commutator is equivalent to the canonical commuator % [(;3, Q] = ih.
This is the basis of the macroscopic quantum theory of Josephson junc-
tions. Eq. (7) specifically predicts that both ¢ and @ experience quantum
fluctuations and cannot be both defined with arbitrary precision; instead,
they are limited by a Heisenberg uncertainty relation %63, Typically, the
energy scales Ej and Fg, = % determine the appropriate starting point
for describing the junction. For Ej > E., the phase fluctuations are weak,
the elementary excitations are quantum vortices, and the charge wildly fluc-
tuates. Junctions of this kind are often termed “classical”. In the opposite
regime the charge is almost a good quantum number and the phase shows
strong fluctuations, these are “quantum” junctions. Using the junction
area A, one can estimate Ejy o« I, < A whereas E, < 1/C o« 1/A, thus
Ej/Ee o< A% and quantum junctions are typically much smaller in area
than classical ones. One can show that the charge and the vortex side are
dual and one can observe competing order and quantum phase transitions
at Ey ~ Eq, %4

In order to introduce damping and decoherence in a Lagrangian / Hamil-
tonian formalism, one has to introduce extra degrees of freedom, typically a
bath of harmonic oscillators coupling to the junction variables %%:66. These
unobserved degrees of freedom have to be integrated out when making phys-
ical predictions for the junction alone. This has been pioneered for a single
Josephson junction by Caldeira and Leggett 6758, We will now concentrate
on junctions with very low intrinsic damping and will describe the remain-
ing dissipation in a way which is compatible with quantum computing in a
later section.

For building a quantum bit one has to make sure that single-qubit rota-
tions are possible. This is ensured when the Hamiltonian has off-diagonal
terms in the basis of externally controllable variables. Here this means
that one has to make sure that both variables fluctuate sufficiently, i.e. if
a charge-based device is used, one has to provide enough charge fluctua-
tions and vice versa. Several realizations and proposals which accomplish
this have been brought forward so far. These range from large single junc-
tions 697071 highly inductive loops (RF-SQUIDs) 247 and small loops
73,74,75,76 which are flux-based devices to Cooper pair boxes 3977:78,79,80
which are charge-based. Other devices combine charge and phase fluctua-
tions with comparable strength and operate in between 8'. Other proposals

use the specific properties of unconventional superconductors 8283 or large
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arrays 54,

5. Different types of superconducting qubits

In this section, we will describe different classes of the Josephson quantum
bit along with their experimental status. Superconducting qubits can be
devided into roughly three groups: “charge”, “phase”, and “flux” qubits.
As mentioned in the previous sections, the common essential element of the
superconducting qubit is the mesoscopic scale Josephson junction. In order
to prepare a qubit, we need well defined quantum two state system whose
intrinsic energy scales are lower than the superconducting energy gap and to
a high degree isolated from the outside world. The relevant two energy scale
to describe a junction are the Josephson energy Ej and the charging energy
E.y, of the junction for a single Cooper pairs. In the case of junctions made
from aluminum thin films, which is the most common technology in the
field, these energy scales become comparable typically in the regime of sub-
micron sized junctions. So the superconducting Josephson qubit is basically
a nonlinear electronic circuit made of superconductor with submicron width
and thickness, which we can fabricate by the modern electon beam (EB)
lithography and shadow evaporation technique®?.

5.1. Sample preparation

Before mentioning the different qubit design, here, we will briefly mention
the most popular process to fabricate the aluminum Josephson junction.
First, one has to prepare the double layered resist structure with two dif-
ferent kind of polymers on the thermally oxidized silicon substrate. As
illustrated in Fig. 1, the upper thin layer is made of less EB sensitive posi-
typed resist. The lower spacer layer is made of more EB sensitive posi-typed
resist. After EB pattern writing and developping process with chemical de-
velopper, we get a well definied bridge pattern with a nice undercut in the
lower layer. Then, the first few tens of nm thick aluminum layer is evapo-
rated from an angle —6 from the vertical line. Next, the sample is exposed
to dilute oxigen gas. We expect the very thin natural alumina tunnel barrier
layer to cover the surface of the fresh aluminum thin film. After purging
the oxygen gas, the top aluminum layer is evaporated from the angle of 6.
Assuming the thickness of the lower spacer layer is h, the distance between
two pieces of evapolated aluminum pattern is d = 2htanf. By designing h
and 6 in advance, we get submicron scale Al/Al;O3/Al Josephson junction
through the lift-off process. This Dolan method®® has been widely used in
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Figure 1. Illustration of suspended bridge and shadow evapolation technique .

77

reliably making small Josephson junctions over a quarter century.

5.2. The flux qubit

A paradigmatic type of Josephson qubit is a flux qubit. It descends from
the mesoscopic scale rf-SQUID first introduced by A. J. Leggett to discuss
macroscopic quantum tunneling and macroscopic quantum coherence in his
groundbreaking paper??® a quarter century ago.

We will now describe the contemporary version of this device in more
detail, namely the persistent current quantum bit, which is phase-based and
uses a small loop. This device has been proposed at TU Delft and MIT.
As all approaches it has its specific strengths and weaknesses. Most of the
theoretical work compiled in the later sections are motivated by this device,
but the main ideas can be described in terms of universal Hamiltonians and
can be applied to other setups as well.

The flux qubit, fig. 2, consists of a micrometer-sized superconducting
loop, which is interrupted by three Josephson tunnel junctions made from
the same, conventional technology: Two of equal size, one smaller by a
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Figure 2. The circuit diagram of a flux qubit threaded by a magnetic flux ®, including
three Josephson junctions (crosses) and all geometric and stray capacitances .

factor @ ~ 0.8. The loop dimensions are chosen such that the geometric
self-inductance of the loop does not play any significant role. The loop is
penetrated by a magnetic flux of size ®,, which imposes the quantization
condition ¢1 + ¢ + ¢3 = f, where f = (27P/P() mod 27 is the magnetic
frustration, for the phases across the three junctions. Thus we can eliminate
¢s, the phase across the weaker junction, and obtain the potential energy

U= Ej(—cos¢r —cosda —acos(f + ¢1 — ¢2)). (8)

This potential is plotted in figure 4. The potential is periodic and possesses
a hexagonal pattern of minima separated by potential wells. The energy
difference of adjacent minima can be tuned through the external flux: They
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Figure 3. SEM photographs of a flux qubit fabricated at NTT-BRL Atsugi Labs. The
aluminium thin film sample (thickness ~0.1um) is fabricated on a thermally oxidized
silicon substrate with standard electron beam lithography and subsequent shadow evap-
oration of aluminium. The qubit is the inner square loop enclosed by the quantum
detector SQUID which are clearly seen in the left close-up view. In the right photo, the
square plates at the top of the picture are the top plates of the on-chip capacitors sepa-
rated by an aluminium oxide insulator layer from the larger bottom plate. The qubit is
controlled through the oscillating magnetic flux produced by an ac-current through the
on-chip microwave line which is 15 pm away from the qubit.

are degenerate at ® = ®4/2. From choosing one of the Josephson junctions
smaller than the others, one direction is introduced in which the potential
barrier is substantially smaller than in the other directions. The state in the
minima correspond to clockwise and counterclockwise circulating current
respectively.

The charging energy can be evaluated from Kirchhoff’s laws. The re-
sult is written using vectors in the two dimensional {¢1, @2} and {Q1,Q2}
coordinate-space as

Fiin = 22T Cn Q. (9)

with a capacitance matrix

(10)

CM:O<1+a+w —a )

- l1+a+7y
Here, v is the ratio of the stray capacitances to ground over the junction
capacitances, as seen in figure 2.
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3

Figure 4. The potential landscape for a flux qubit as a function of the phases across
the identical junctions, taking o = 0.8. The solid arrow indicates an easy tunneling path
whereas the dashed lines indicate hard directions.

Carefully choosing appropriate parameters, one can reach a situation
with exactly one bound state per minimum, where the tunneling amplitude
along the easy direction is substantial and is strongly suppressed along
the other directions. At low energies the dynamics of the system can be
described in a two-state approximation in the basis of the states localized
in the potential minima, the classical states,

(Z i) . (11)

Hy =

DN | =
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The energy bias ¢ can be steered through the external flux following e ~
I,(® — ®y/2), where I, is the modulus of the circulating current in the
classical states. Thus, the quantum dynamics of the device can be controlled
by the external flux.

The tunnel splitting A can be made tunable by splitting the small junc-
tion into two parallel junctions, a DC-SQUID, which acts as an effective
single junction whose Josephson coupling E;(®2) = 2E o cos(n®2/Pg) can
be tuned by the flux ®5 through this loop between the sum of the two cou-
plings 2Ej ¢ and zero. Such a tunable A is desirable in a number of, but
not in all, quantum computing protocols. The state of the system can be
read out by measuring the extra magnetic flux produced by the circulating
current through a very sensitive magnetometer: a SQUID®®. Such a mag-
netometer works as a tunable junction as just described: E; depends on
the flux through the loop and can be measured electronically. The SQUID-
readout corresponds to a measurement of 6,. Figure 3 shows micrographs
of real devices together with their read-out apparatus.

The flux qubit is thus a well-defined quantum system that can perform
single-qubit rotations. All other ingredients demanded by DiVincenzo’s
original five criteria can also be met, which will be detailed more later in
this chapter. Note that eq. (11) predicts that superpositions of current
states can be prepared close to f = 7/2. The current states involve up to
1010 electrons. Thus, these are superpositions of large objects. This does
not yet imply that these states correspond to huge Schrodinger’s cats: For
analyzing this question one has to carefully evaluate the distance in Hilbert
space between the two states, which is a by far more subtle issue 8687,

Note that the analysis here for simplicity neglected self-inductancs,
which can be included and does not change the overall picture 888

In the advanced flux qubit layout shown in Figure 3 there are two impor-
tant control parameters of the circuit : the externally applied bias magnetic
flux @eyy and the bias current through the SQUID I,. In the flux qubit
illustrated in Fig. 5, qubit and SQUID share two edges in order to use the
kinetic inductance (the kinetic energy of the Cooper pairs in a line, similar
to the kinetic inductance of a junction, see section 3) to increase the cou-
pling strength. This also automatically enables to adiabatically shift the
flux bias during the I, pulse for qubit state readout just after operating
qubit at the optimal point. Taking into account that this device is made
from a double layer structure and there are odd number junctions in a qubit
loop, the persistent currents in the sharing edges do not have to flow in the
same layer, whereas the bias currents I, through the SQUID flow in the
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same lower layer. Unfortunately, this fact causes considerable asymmertric
coupling due to kinetic inductance of the qubit and SQUID. Thus the

current noise via I, through the SQUID can be dominant even at optimum
dE

d<1>c(;1c
ways exists even in the system of original type flux qubit surrounded by a
SQUID as shown in Fig.3 top if there is difference in critical current of two

Josephson junctions in the SQUID.

flux bias point where = 0. In general, this type of asymmetry al-

de-SQUID for readout qubit loop

»

Figure 5. Schematic circuit diagram of the advanced version of the Delft type flux qubit.
The qubit loop and the SQUID are now galvanically connected. The SQUID is shunted
by additional capactiors C. I is the bias current and V;, the detection voltage. .

To overcome these difficulties, the two complementary strategies to pro-
tect the qubit from these decoherence sources are employed. One consists
in biasing the qubit so that its resonance frequency is stationary with re-
spect to the control parameters (optimal point), see section 7.1 ; the second
consists in decoupling the qubit from current noise by choosing a proper
bias current through the SQUID, see section 7.3. Using these strategies,
finally at the decoupled optimal point, long spin-echo decay times of up to
4 ps were successfully demonstrated®®.
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Figure 6. Josephson charge qubit. The central component is a tiny superconducting
island called Cooper pair box equipped with small Josephson junction(s) where the
charging energy dominates the Josephson energy i.e., E., > Ej. This Ej value can be
tunable by changing the externally applied magnetic flux ®ext in the SQUID loop. The
qubit energy is a function of both gate induced charge ng and ®cxt. The qubit state is
controlled by changing ng or applying resonant microwave pulse from the onchip RF-line

Josephson junction
E, C, \

5.3. Other designs

Let’s have a look at different schemes of superconducting qubits, one by
one. First, as illustrated in Fig. 6, the essential component of the “charge”
qubit is a Cooper pair box, a submicron scale superconducting island which
is connected to the ground via small Josephson junction. Here, the box is
in the charging energy dominant regime Eg, > FEj. In order to tune the
EE—;j ratio of the system, this Josephson junction can be separated into two
parallel junctions forming a SQUID then one can manipulate Ej value by
controlling the magnetic flux ®ey which penetrates the SQUID loop. In
addition to the Josephson junctions, the qubit is also equipped with two
lines. One is a probe electrode as a measurement readout line which is

weakly tunnel coupled to the Cooper pair box through a thicker oxide layer
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shown as a tunnel junction in Fig. 6. The other one is a control pulse gate
which is spatially separated from the Cooper pair box and only capacitively
coupled to it. In the charge qubit, a good quantum number is a number
of excess Cooper pairs |n) in the box. If one can control the gate voltage
precisely enough, then one can change the induced charge ngs by the gate
voltage. The the two states |0) and |1) implement a qubit in this system:
they would be classically degenerate when n, = 0.5 but are coupled through
FEj and

(a) IE

E, : tunnel splitting

Energy

0.5 n, : gate charge

(b)

10> ., 11>
At .

Time

Figure 7. Energy diagram (a) and the control scheme (b) of the Josephson charge qubit.
The qubit is controlled via the gate induced charge ng in the Cooper pair box by applying
a fast (non-adiabatic) voltage pulse from the pulse gate. (a) Initially, qubit state is |0)
(shown as a black dot). Next, bring the qubit state to the degeneracy point (ng = 0.5)
by the non-adiabatic gate pulse whose rise and fall time is shorter than the time scale
determined by the interaction energy ];—L] (b) Qubit state starts quantum oscillation

between |0) and |1) during the time period of At.

However, the Josephson tunneling energy Fj will lift the degeneracy illus-
trated in Fig. 7(a). The NEC group prepared charge state |0) at ny = 0.5
as shown in Fig. 7(b). Using a non-adiabatic (very fast on the scale of the
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qubit level splitting) gate pulse with rise and fall time of 30 ps and At =
80 ps ~ 2 ns duration, they then succeeded in observing internal coherent
oscillation between two energy eigenstates”” which are shown as the dotted
curves in the Fig. 7(a). With an array of pulses with a repetition time longer
than the relaxation time, one can repeat the pulse operation many times
and measure the direct current through the probe junction which would
reflect the population in |1) after each pulse operation. The experiment
demonstrated quantum oscillation with a period of EL] up to 2 ns. This
was the first example of the long sought evidence of macroscopic quantum
coherence®®. Other than the gate pulse operation, this type of qubit can
be also operated by the resonant microwave pulse®3.

It is worth mentioning that the echo technique described in section 7.6
works very effectively in the charge qubit. In fact, the coherence time
during free evolution T3 was markedly improved more than an order of
magnitude”® i.e., from 0.1 ns to the order of nanoseconds.

This implies the main origin of dephasing in this charge qubit can be
ascribed to the low frequency charge noise generated by the random motion
of background offset charges, see section 7 of this chapter.

A further type of qubit is the phase qubit which is illustrated in Fig. 8(a).
The Josephson phase qubit is a single Josephson junction with an extremely
precise current bias. In this layout, the lowest two quantum levels in a
washboard potential shown in Fig. 8(b) are used to implement a qubit.
The quantum coherent oscillation of the phase qubit were first observed
by Martinis® and Yu independently. The quantum properties of current
biased Josephson junction are well established?®. As long as the dc voltage
across the junction is zero, the nonlinear Josephson inductance and the
junction capacitance form an anharmonic LC-resonator. The two lowest
quantized energy levels are the states of the qubit. By design the energy
separation Fj; of these lowest two states can be set much larger than the
operating temperature Ey; ~ 10kgT. The sequence of initialization, oper-
ation and readout of the qubit is schematically illustrated in Fig. 8(c). In
order to keep only a few states in an approximate cubic potential, the cur-
rent bias Ipias is pulsed for a time ~ 50 s, which is typically driven close
to the critical current I. of the junction. This is an initialization proce-
dure. Then, a microwave pulse resonant with Fy; is applied to induce Rabi
oscillations. Immediately after the microwave pulse for Rabi oscillation be-
tween ground state |0) and first excited state |1), the readout microwave
pulse resonant with E15 is applied to the qubit. If and only if the qubit was
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Figure 8. Josephson phase qubit (a) circuit diagram (b) energy diagram (c) timing of
the bias current pulse (Ipias), microwave pulses for qubit operation (indicated as Fo1)
and readout (Ei2). .

in state |1) after the first Rabi pulse, it will proceed to state |2). As state
|2) is close to the top of the barrier it easily escapes to the running state and
leads to a finite voltage which can be detected. The huge difference in the
escape rate between excited levels and the ground state makes it possible
to use this as a detector without destabilizing states |0) and |1). Repeating
this measurement sequence typically 10* ~ 10° times, one can obtain infor-
mation about the qubit state through occupation probability of the excited
state. As a phase qubit, a rather large (~10 pm x10 pm) current biased
Nb-based Josephson junction has been used. The most significant advan-
tage of the phase qubit is scaling to more complex circuits will be favorable
because fabrication and operation of complex superconducting integrated
circuit with large junctions are well established.

Here, we would like to mention about the quantronium project of the
Saclay Quantronics group®!, a hybrid between the two types described so
far. The quantronium circuit is an Al-made Cooper pair box equipped with
a SQUID circuit as a readout device. This qubit has two control knobs, the



October 14, 2005 17:56 Proceedings Trim Size: 9in x 6in DVproch

20

readout circuit

(Dext

3 &

g

Control {X}

= pulse 2 Ej
gate

bias current (I) source for Ey,

Figure 9. Schematic circuit diagram of the quantronium. A hybrid type design of a
charge-qubit (a Cooper-pair box) and a large Josephson junction as a readout circuit
which is essentially the same as a phase-qubit. By way of the uniqueness of the phase in a
superconducting loop which contains both the Cooper-pair box and the large Josephson
junction, the phase difference § across the Cooper pair box, is entangled with the phase
difference « across the large junction which is related with two quantum states of the
current biased large Josephson junction. Thus, the state of the charge-qubit is readout
through the state of the phase-qubit. This qubit has two control knobs, the gate induced
charge ng in the Cooper pair box and the bias flux ®ext of the readout SQUID. The
qubit energy is a function of both ng and ®ext. By operating the quantronium at the
double extremum condition, they succeeded to obtain remarkablly long coherence time
during free induction decay 1% ~ 0.5us.

gate induced charge ng in the Cooper pair box and the bias flux @y of
the readout SQUID. The remarkable strategy of this project is to protect
qubit from the noise which comes from the electro-magnetic environment
by using an optimal operating point such as a saddle point or an extremum

where %Ln“gl = 0 and g@Le‘llt = 0. Moreover, the qubit has a large energy

splitting % ~ 16 GHz which means rather flat energy dispersion and also
intermediate-energy regime i.e., g—; ~ 1 where a circuit is designed to be
insensitive to fluctuation of both charge and flux bias. Thanks to the above
mentioned ingenuities, they achieved a successful outcome i.e., the Ramsey
measurement shows the decay time of 7% ~ 0.5us during free evolution by
operating the quantronium at the saddle point of the control parameters.
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6. Experimental achievements

In this section, we are going to overview the status of experimental forefront
research of different kind of Josephson qubits.

6.1. Single qubit operation

For the single qubit rotations, the resonant microwave driven Rabi oscilla-
tions is commonly used?36%:70:81.75 = On the other hand, the Larmor pre-
cession induced by the non-adiabatic fast pulse can be also used””. Rabi
oscillations with a characteristic decay time of a few microseconds were ob-
served in the phase qubit where current biased large Nb-based Josephson
junction ( typically ~10 pum x10 ym) was used’.

In quantum computation, it is essential to control each qubit by per-
forming arbitrary unitary operations at will. For one qubit, Rabi oscillation
and Ramsey fringes experiments provide information related to the control
of the qubit state |¥) = cos £|0) + esin |1). In order to achieve noise
torelant qubit operation, NMR-like multi pulse sequence control has been
demonstrated in Josephson charge-phase qubit by the Saclay group *. How-
ever, the observation of the Ramsey fringes of a flux-qubit usually involves
a few hundred MHz detuning from the qubit resonant frequency.

The NTT group proposed a new method”® for observing Ramsey fringes,
the phase shift method, which can control the phase of microwave (MW)
pulses at the resonant frequency of the qubit. The advantage of this method
is that it provides qubit rotation along an arbitrary axis in the z-y plane and
the faster control of the azimuth angle ¢ of a qubit than the conventional
detuning method. Figure 10 shows schematic diagrams describing how the
qubit vector is operated during the Ramsey fringe experiment with the
phase shift technique in a rotating frame.

We assume that the initial state of the qubit is the ground state |0). The
first resonant 5 pulse (¢ = 0) tips tpe qubit vector towards the equator
with the z-axis as the rotating axis (Hyot  6,). The qubit vector remains
there because we introduce no detuning (w = wp). After a time ¢;2, the
second resonant § pulse with a given phase shift ¢ # 0 tips the qubit
vector on another axis at an angle ¢ from the z-axis. The resulting qubit
vector does not reach the south pole (|1)) of the Bloch sphere. The detector
SQUID switches by picking up the z-component of the final qubit vector
after the trigger readout pulse. Repeating this sequence typically 10,000
times, with a fixed t12, we obtain the switching probability. Figure 11 shows
the damped sinusoidal oscillation obtained by changing the pulse interval
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Figure 10. Schematic diagram of qubit vector motion induced by the phase-shifted
double 7 on-resonance pulses (w = wp). It is described in the rotating frame of the
qubit Larmor frequency wg. (a) The qubit vector in the initial state. The qubit is in

the ground state [0). (b) The first resonant 5 pulse (¢ = 0) tips the qubit vector to

the equator. The qubit vector remains there, because the on-resonance pulse is used.
(c) The second resonant % pulse, in which the phase-shift ¢ # 0 is introduced, tips the
qubit vector on another axis, which is at an angle ¢ from the z-axis. .

t12. The phase shift of the second pulse was programmed from the following
relation ; ¢ = wpt12 mod 27. This equation gives a 27 phase change to the
resonant microwave pulse during a period of T' = Z—z This means that we
introduce a phase shift with the Larmor frequency.

When Ramsey fringes are observed in the conventional way, a few hun-
dred MHz detuning is typically introduced near the qubit Larmor frequency,
i.e., ~ 100 MHz detuning at a Larmor frequency of ~ 5 GHz. With this
detuning method, after the first detuned § pulse, the qubit vector rotates
along the equator of the Bloch sphere with this detuning frequency, ~ 100
MHz ™. If we use this method to control the qubit azimuth angle, a time of
~ 10 ns is required for every 27 azimuth angle rotation of the qubit vector.
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Figure 11. On-resonance Ramsey fringes observed by using the phase-shifted double g

pulse technique. The Larmor frequency is w/27=11.4 GHz. The width of the % pulse, 5

ns, is determined by Rabi oscillation. An exponentially damped sinusoidal curve fitted
with the decay time constant 75 = 0.84 ns is also shown. .

This operating time cannot be as short as 1 ns, because a detuning of 1 GHz
does not work properly. However, with the phase shift technique with the
resonant frequency, as we have shown, it is possible to revolve the rotational
axis of the qubit vector within the zy-plane with the frequency above 11
GHz. By way of the well known decomposition of a rotation in three rota-
tions around two orthogonal axes*, one can perform quick qubit rotations
without using relatively slow free evolution by introducing detuning. In
particular, using the relation Z(¢) = X (5)Y (¢)X(—%), the azimuth angle
¢ rotation on the z-axis can be decomposed into three successive rotational
operations such that —3 rotation on the z-axis, ¢ rotation on the y-axis,
and 3 rotation on the x-axis. If the qubit is driven strongly enough, each
5-pulse width can be as short as 0.1 ns, therefore the total composite op-
eration X (%)Y (¢)X(—%) can be completed in ~ 1 ns. Compared with the

conventional detuning method, the phase shift technique provides us with
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the opportunity to increase the speed of the qubit unitary gate operation
by more than an order of magnitude. This method will save operating time
and we can make best use of the precious coherence time.

6.2. Coherence time

Remarkable progress has been achieved in strategies to obtain improved co-
herence time during the free evolution 7. Two major strategies to protect
the qubit from possible decoherence sources are found. One is biasing the
qubit so that its resonance frequency is stationary with respect to the con-
trol parameters (optimal point) which is demonstrated by Saclay group in
the “quantronium” project. A sharp line width as narrow as 0.8 MHz was
observed in the spectroscopy at the optimal point with the qubit resonant
frequency ~ 16GHz, where a Q-value over 2x10* was obtained. Just like
the pulsed NMR technique, they obtained an optimised 75 =~ 0.5us of their
charge-phase qubit from a Ramsey fringe experiment®'. Now, this strategy
is already a common standard in most experimental efforts. The second
strategy was applied in the flux-qubit experiment, which consists in decou-
pling the qubit from current noise by choosing a proper bias current through
the readout SQUID. Using 4- instead of 3-junction qubit, at the decoupled
optimal point, the long spin-echo decay times of 4 s was demonstrated®".
As these strategies decouple from different sources of T, limitation, they
conceivably need to be combined to achieve further progress.

In usual experiment, we observe T, the transversal relaxation or de-
phasing time, is (much) shorter than the energy relaxation time 7;. From
a general consideration, the energy relaxation time T, is governed by the
noise spectral density S(w) at a frequency corresponding to the qubit level
splitting, as described by (12) in chapter 7.1. On the other hand, the
phase relaxation time 7% is governed by the noise spectral density at low
frequency limit S(0) but also contains T; (13). In the idealistic situation
where S(0) — 0, the relation T = 2T} is expected. Recently, JST-RIKEN-
NEC group’ and NTT group’ have observed the Ty ~ 27} relation at the
optimal operating point.

In the phase qubit, large-gap superconductors such as Nb or NbN have
an advantage in supressing unwanted quasi-particle generation due to ther-
mal activation or due to parasitic circuit resonances inherently excited
in the on-chip circuit. However, a lot of anticrossings in the microwave
spectra’® and the observation of real-time oscillations between qubit and
resonator 77 reported by the NIST group provide evidence that some kind
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of unexpected fluctuators are coupled coherently to the phase qubit. They
observed that a number of small such spurious resonators have a distribu-
tion in splitting size, with largest one giving a splitting of ~ 25 MHz and an
approximate density of 1 major spurious resonance per ~ 60 MHz. When
thermally cycled from ~20 mK to room temperature, the magnitude and
frequency of the spurious resonances changed considerably, whereas cycling
to 4 K produces no apparent effect. Furthermore, over 10 qubit devices
with the same experimental setup, they found that each qubit has its own
unique “fingerprint” of resonance frequencies and splitting strength. From
these observations, they ascribed that these spurious resonances are micro-
scopic in origin such as two-level fluctuators within the amorphous oxide
tunnel barrier in the Josephson junction which couple to the qubit state
through the critical current. This should be one of the origin of similar
magnitude of 1/f noise observed over the tunnel junction made from ox-
ide of Al; Nb, PbIn. In that work, it is insisted that improvements in the
coherence of all Josephson qubits will require materials research directed
at reducing or removing these resonance states that have remained hidden
for over 40 years in the conventional junction fabrication technique such as
shadow evaporation. Following this warning, the NIST and also the Delft
group already started projects to fabricate Josephson junction with greater
microscopic uniformity by employing molecular beam epitaxy.

6.3. Different materials

Here, we mention about two more topics from the material related side
of qubit research. Recently, two groups independently succeeded in ob-
servation of macroscopic quantum tunneling (MQT) in Josephson junction
made of d-wave high-Tc cuprate superconductors. The Chalmers group
used YBCO grain boundary biepitaxial junction®®. The Tohoku univer-
sity group, using an intrinsic Josephson junction in BSCCO, observed a
quantum-classical crossover temperature for MQT of Thyor ~ 1 K 9 which
is significantly larger compared with Thsqr < 300 mK of conventional su-
perconducting material such as Al or Nb. This result indicate the merit
of using a superconductor with a larger gap energy scale exceeds the de-
merit that there are gapless excitations in some directions on the Fermi
surface. The other topic is that all MgBs tunnel junctions showed Joseph-
son current-voltage characteristics above 20 K100
MgB; has T, ~ 40 K would be another candidate to fabricate noise toler-
ant qubit which requires a large energy splitting within the superconducting

. The binary compound
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gap-.

6.4. Readout

A good readout visibility is another indispensable condition for quantum
computation. The NTT group reported an interesting possibility'?t. They
used a detection SQUID with very small Josephson junctions (0.1 pm x
0.1 pm). The qubit signals were measured in a regime of small switching
current I, of the SQUID, typically less than 100 nA, where the switch-
ing current distribution turns out to be particularly narrow. The obtained
single-shot data indicate that the qubit state is readout as energy eigen-
states rather than current eigenstates although I, of the SQUID were used
as a detection observable. In this case, Ij;qs of the SQUID were swept very
slowly. The electro-magnetic environment of SQUID was likely to be sub-
stantially overdamped. They interpreted their result as follows!'®? : the
qubit-SQUID interaction energy was so small that the qubit energy eigen-
state was readout without being projected onto the current states. In other
words, while qubit state is bimodal, however, the SQUID switching current
I, can take a continuous value. If the qubit energy splitting is larger com-
pared with the qubit-SQUID interaction energy, the SQUID only switches
under the influence of magnetic flux created by the qubit.

The RIKEN-NEC group reported that they succeeded in single shot
state readout of the Josephson charge qubit by using an onchip super-
conducting single electron transister (S-SET)%3. The quantum bits were
transformed into and stored as classical bits (charge quanta) in a dynamic
memory cell - a superconducting island. The transformation of state |1)
(differing from state |0) by an extra Cooper pair) was a result of a con-
trollable quasiparticle tunneling to the island. The charge was then de-
tected by a conventional single-electron transistor, electrostatically decou-
pled from the qubit. They also studied relaxation dynamics in the system
and obtained the readout efficiency of 87 and 93% for |1) and |0) states,
respectively.

Recently, it has become clear that in the SQUID switching detection
type measurement, we lose substantial qubit visibility during relatively slow
ramp up process of the SQUID bias current. In fact, by changing the
conventional bias readout pulse of 10 ns rise time to faster microwave pulse
of 0.5 ns rise time by the resonant activation method, 40% visibility of the
flux-qubit was improved up to 65% 04,

On the other hand, another approaches of qubit state measurement
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without switching the SQUID detector are in progress in Yale!>” and also
in Delft'%. On the superconducting branch, the SQUID acts as if it is an
inductance (Josephson inductance), see section 3. They use the SQUID
as an anharmonic LC-resonator and detect resonant frequency shift as a
function of applied magnetic flux. The intrinsic flux detection efficiency
and backaction are suitable for a fast and nondestructive determination of
the quantum state of the qubit. This method will provide an opportunity
of quantum non-demolition measurement of a qubit as needed for readout
of multiple qubits in a quantum computer.

6.5. Two qubit operation

After the initial breakthrough in the coherent manipulation of a single
Josephson qubit™”, the next target has been to control entanglement in
two-qubit system. The NEC-RIKEN group has reported a controlled-NOT
operation in the capacitively coupled two Josephson charge qubits!??. They
could apply fast (rise/fall time 40 ps) voltage pulse to change each qubit
state independently. For the input states of [10) and |11), their gate oper-
ation was almost ideal. On the other hand, for the input states of |00) and
|01), the output states have an unwanted component of |00) or |01) with a
rather high probability (~37%). According to them, this might be due to
the finite rise/fall time (40 ps) of the operation pulse, which increased the
unwanted oscillation.

Recently, the NIST-UCSB group has succeeded in simultaneous state
measurement of capacitively coupled Josephson phase qubits'®®. They have
used simultaneous single-shot measurement of coupled Josephson phase
qubits to directly probe interaction of the qubits in the time domain. The
concept of measurement crosstalk is introduced, and they showed that its
effects are minimized by careful adjustment of the timing of the measure-
ments. They observed an antiphase oscillation of the two-qubit |01) and
|10) states.

6.6. Cavity QED on a chip

The alternative way to implement multi qubit gate is using a quantum bus
in order to couple arbitrary pair of qubits on demand. This Cirac-Zoller

13 is used in ion trap systems. Recently, observation of strong

type scheme
coupling in all- solid state implementations of the cavity QED concept
using circuit elements were reported by the Delft-NTT-NEC group and the

Yale group independently. Delft-NTT-NEC group'® has observed a flux
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qubit strongly coupled to non-linear SQUID oscillator. On the other hand,
the Yale group*!? has observed a charge-phase qubit strongly coupled to a
dispersive transmission line resonator, which acts as a linear oscillator.

The Yale group also succeeded in observing the ac Stark shift’ of the
qubit level in a single photon resolution. This means, a single photon on
average and does not refer to a single photon Fock state. They have demon-
strated that the strong coupling of a Cooper pair box to a non-resonant
microwave field in an on-chip cavity gives rise to a large qubit dependent
shift in the excitation energy of the resonator. As the counteraction, the
ac Stark effect also shifts the qubit level separation by about one linewidth
per photon at 2% detuning, and the backaction of the fluctuations in the
field gives rise to a large broadening of the qubit line.

Very recently, the NTT group has successfully observed time domain
vacuum Rabi oscillation in a macroscopic superconducting flux qubit and
on-chip linear lumped element LC oscillator system’. SEM photograph of
the sample is shown in Fig.12(a). The flux-qubit (Fig.12(b)) and the LC-
oscillator is inductively coupled. Estimated coupling strength 0.2 GHz is
well in the strong coupling regeme. The resonance frequency of the LC-
oscillator was observed as 4.3 GHz (~ 200 mK). Experiment was done
with temperature of 20 mK, which was well below the smallest excitation
energy including the LC-oscillator quantum. As shown in Fig.13, 7w, and
2m-pulse used in the experiment were determined from the Rabi oscilla-
tion. Figureld shows example of the conditional spectroscopy, when qubit
energy was biased at 14 GHz. The red- and blue-sideband transition and
also driven Rabi oscillations were clearly observed just like trapped ions
interacting with their collective normal mode oscillation . We have ob-
served vacuum Rabi oscillations in time domain as follows. Preparing the
le, 0) state by applying a w-pulse to the ground state |g,0) (we adopt the
notation |qubit,Fock state of the LC-oscillator)). Immediately after the
m-pulse, applied dc-flux bias shift pulse brings the qubit to the resonant
point where |e,0) and |g, 1) have the same energy. Here, the rise/fall time
of the dc-shift pulse should be adiabatic to the qubit i.e., longer than 0.1
ns, but non-adaibatic to the coupling between qubit and the LC-oscillator
i.e., shorter than 5 ns. Then switching probability of the detecting SQUID,
which is directly related to the excited state occupation of the qubit, as
a function of the time period of resonance condition, we observe a decay-
ing sinusoidal oscillation with frequency Qg between |e,0) and |g,1). By
exciting the LC-oscillator very weakly during vacuum Rabi measurement
pulse sequence, we confirmed gradual frequency crossover of the Rabi os-
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Figure 12. Scannning Electron Micrograph of the sample measured at NTT-BRL Atsugi
Labs. (a) SEM picture of a flux qubit together with near-by on-chip elements. Note that
the size of the LC-circuit made of shunt capacitor and lead inductance is an order of
0.1 mm large. (b) Close-up view of the central part of the device. A flux qubit with a
dc-SQUID; a quantum detector of the qubit state. .

cillation from Qg to expected higher frequency component v/2Qx which is
coming from the coherent oscillation between |e, 1) and |g,2). This is the
first direct evidence of the level quantization of macroscopic LC-resonator.
By replacing a Rydberg atom to a flux-qubit and a high-Q cavity to an on-
chip LC-oscillator, we will be able to perform cavity QED experiment on a
chip where we can enjoy orders of magnitude stronger coupling compared
to atomic quantum optics.
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Figure 13. Rabi oscillations of the flux-qubit during resonant (E = 14 GHz) microwave
pulse, at temperature of 20 mK. The m and 27-pulse for qubit control are determined
from Rabi oscillations. The left figure is the close-up of the initial part of the Rabi
oscillations framed by the broken line. The amplitude of the Rabi oscillation is ~25%. .

7. Decoherence

Coherence is the ability to interfere and is usually associated with the phase
of a wave. In optics, light is called incoherent if its propagation can be de-
scribed by geometrical optics alone '!!. The applicability of such a descrip-
tion clearly depends on the phenomenon being studied and on the scale of
observation. The focusing of coherent laser light on large scales can, e.g.,
still be described by geometrical optics, the interference phenomena of the
same laser beam in an interferometer require the use of a wave descrip-
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Figure 14. Conditional spectroscopy observed in the qubit-LC oscillator coupled sys-
tem. The qubit resonant frequency is fixed at £ = 14 GHz. The lower (upper) trace is
taken when the qubit is in the ground (excited) state. Only the blue- (red-) sideband is
observed except for the qubit transition which can be understood by the level scheme of
the coupled system. .

tion. In quantum mechanics, the phase under consideration is usually the
phase of the wave function and the incoherent limit of the theory is classi-
cal physics. Decoherence is the loss of coherence — in quantum mechanics
it describes the transition from generically quantum to classical behavior.
When describing decoherence, one thus has to clearly specify which quan-
tum interference phenomenon (and which classical counterpart) is being
studied. E.g. in a two-state-system (TSS) one can specify the “decoherence
of free quantum oscillations” instead of just “decoherence”. We will see that
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there are regimes when specific quantum phenomena, such as the forma-
tion of superpositions of classical states, are still observable, whereas others,
such as real-time interference fringes, are already completely suppressed. In
fact, this property of decoherence is important for the coexistence of clas-
sical and quantum description of matter e.g. in the large-scale classical
description of molecules bound together by the quantum phenomenon of
chemical bonding. The understanding of decoherence has huge impact on
the general understanding of quantum mechanics 112:113,114

Decoherence is an irreversible phenomenon including dissipation of en-
ergy and/or the generation of entropy. Consequently decoherence is not a
generic part of elementary quantum mechanics based on the Schrédinger
equation or its relativistic generalizations, which are all reversible at least
in the sense of the CPT-theorem. This apparent contradiction is easily
solved in large systems with a thermodynamic number of degrees of free-
dom: Such a system has a high number of levels and from a general initial
state its wave function will follow a complex beating of oscillations whose
frequencies are set by all possible transition frequencies wy,, = (Fn—Ep) /R
between all combinations of levels n,m. It will return to its initial state
after a time T' which satisfies T' = 2pyT/wpm for all n,m with a set of
integers ppm. This time is called Poincaré time and has very large values
in thermodynamic systems with (quasi)continuous spectra. Thus, the re-
versibility cannot be observed in any reasonable experiment. On the other
hand, there are always pairs of wy,, and wy, s very close together, such
that coherent phenomena between states n and m are completely masked
by those of states m’,n’ and can also not be observed on short time scales.
Moreover, observing a system exactly with this precision in a well-defined
way requires the repeated preparation of the same microscopic initial state,
which is not possible for such a high number of degrees of freedom. In other
words: Even though microscopic physics may be reversible and coherent,
we are very often not able to observe it.

From the above discussion we can readily understand how coherence and
reversibility vanish for large systems. Here, we are however mostly inter-
ested in small arrays of qubits, systems with very few (effective) degrees of
freedom, and want to understand how they lose their coherence. The type
of model invoked is closely related to the above example: The system is ex-
tend by coupling the quantum system to an environment (bath) containing
a number of macroscopic degrees of freedom, whose detailed initial state is
unknown except for its thermodynamical variables. Then one solves the dy-
namics of the full setup containing the quantum system and the bath. The
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solution will depend on the initial state of the bath and by tracing out the
average over the ensemble of initial states of the bath, the effective reduced
dynamics of the system under the influence of the bath is found. Baths of
this kind always occur in nature: Generally, one has to be aware of the fact
that the experimental machinery and the control and manipulation instru-
ments can serve as a bath; in fact, even the electromagnetic vacuum is a
bath to which energy can be emitted 5. It is in particular starighforward
to identify physical baths in solids: All the “unused” degrees of freedom,
typically the lattice and electronic excitations, act as sources of decoher-
ence for the qubit degrees of freedom. Recalling the preceding discussion
of superconducting qubits, we note that the ubiquitous natural baths in
a solid-state environment are suppressed: lattice vibrations are frozen out
and the electronic excitations are gapped: Thus, superconductors are good
candidates for maintaining coherence in solid-state qubits.

Due to the necessity to introduce an environment, quantum systems
suffering from decoherence are often called “open quantum systems”.

The transition to classical physics manifests itself in at least three ways,
which are related but not equivalent. These cases will now be illustrated
invoking a system described by a two-state Hamiltonian of the form eq.
(11).

Firstly, a system can be by all means coherent and sufficiently isolated
from the environment, but the coherent phenomenon manifests itself on
an unobservable scale. E.g., we would not be able to observe coherence
fringes in the propagation of a ping-pong ball, because the de Broglie wave
length of the ball at any reasonable velocity is too small to be observed
(at v = 1m/s it is on the order of 1073m). In eq. (11), this would occur
if the off-diagonal matrix element is so small that one cannot keep ¢ = 0
with sufficient precision and hence cannot prepare superpositions, or if € >
A such that coherent oscillations are too fast to be observed and/or too
small in amplitude. This can be attributed to the fact that the quantum
fluctuations leading to the coherent coupling of the classical states (here,
the eigenstates of 5,) are too small. For tunneling systems such as the flux
qubit, A is proportional to the overlap of the basis states in some double-
well potential 4. We can thus associate a small A with the fact that the
basis states are too strongly separated for coherent tunneling. They are
hence too distinct - very similar to the fact that the wave functions “alive”
and “dead” of Schrodinger’s cat ¢ do not overlap. This type of vanishing
quantum effects is usually not referred to as decoherence but as macroscopic

distinction 87 and has also been termed “false decoherence” 86.
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Secondly, if the system has an appropriate effective Hamiltonian with
a sufficiently large off-diagonal matrix element it would be able to show
all kinds of quantum coherent interference phenomena leading to fringes or
temporal oscillations, such as the coherent oscillations of a two-state system
which is initially not prepared in an eigenstate of the Hamiltonian eq. (11).
Due to the influence of the environment these oscillations lose their phase
and are suppressed. This can be understood in an ensemble-average: The
system plus the bath propagate together and display a complex beating
pattern. As the bath is prepared in somewhat different states in each mem-
ber of the ensemble, this propagation looks differently for each realization
and the quantum subsystem, from a unique initial state, accumulates more
and more differences between one realization and the other, until ensemble-
averaged quantum properties die out. This ensemble can well be taken in
time, by repeating experiments with identical initial states of the quantum
subsystem. This phenomenon is called “dephasing”. It does not necessarily
involve the exchange of energy with the environment. On the other hand,
at long times we expect the system to go into a thermal state described by
a diagonal Boltzmann-type density matrix. This process involves energy
exchange with the environment and is called relaxation. It takes place if
there are no special selection rules and does necessarily also lead to dephas-
ing. The thermal state can still involve superpositions of the basis states,
if the Hamiltonian has off-diagonal terms. All in all this type of dynamics
is called (“generic”) decoherence.

Thirdly even if the system Hamiltonian eq. (11) has substantial off-
diagonal elements, coherent tunneling between the classical states can
be blocked on all time scales by interaction with the environment. In
fact, the system gets dressed by fast degrees of freedom in the environ-
ment, i.e. the system states |i,) have to be replaced by combined states
[Yn)et = |¥n) ® |[ENV,,), where |ENV,,) are the lowest-energy states of
the bath under the condition that the quantum system is in state [iy,).
This type of dressing leads to a renormalization of the system Hamiltonian.
E.g., in eq. (11), A gets renormalized to A.g when one couples a bath of
oscillators to &, 92117, Such renormalization effects are known throughout
physics as Lamb shift, Franck-Condon effect etc. , all of which describe the
introduction of an effective Hamiltonian whose matrix elements are differ-
ent from the original ones due to the interaction with some environment.
If the bath is infinite and has sufficient spectral weight at all frequencies,
the system can undergo a dissipative phase transition °2 which leads to
Acg = 0, making the system completely classical and localized, similar to
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Anderson’s orthogonality catastrophe ''® in Fermionic systems. In fact,
the dynamics described in the previous paragraph is always governed by
H.g. In particular, there are no superpositions of classical states left in a
thermal mixture. Another way to interpret this is, that the system builds
up entanglement with the environment, i.e. any superposition of different
[thn)eft, [m e is entangled. If the entanglement is complete, such that the
|[ENV,) are mutually orthogonal, the system cannot tunnel any more be-
tween the classical states cf (Vn|Vmzn)esr — 0. This is analogous to the first
scenario: There the system states themselves are macroscopically distinct,
here only the entangled system plus environment states are.

7.1. Methods

The discussion in the previous section already indicates the importance of
studying noise for understanding decoherence 119120, In fact, parts of our
results on decoherence can be understood from noise theory alone without
a detour via an environmental Hamiltonian. This can be illustrated by the
two-state system described by (11), where € is noisy, € = e + de(t). We can
readily solve the associated Schrodinger equation. Even more intuitively
we can describe the state of the system by the expectation values of the
three components of the spin, and the Schrédinger equation becomes the
classical equation of motion of magnetic moment in a fluctuating magnetic
field. For each realization of the noise, the system behaves coherently,
but the coherent evolution has a noisy component. Averaging over the
noise then leads to incoherent evolution. Specifically, two key results can
be derived on that level, assuming that de can be treated perturbatively
121,122, The relaxation rate is proportional to the noise spectral density
S = ({0e(t),0€(0)}),, /2 at a frequency corresponding to the level splitting
E=+ve2+ A2
1 A2

Flip-less decoherence contains a zero energy exchange (zero frequency) con-
tribution as well 123,124,30
ro— L2t Sos0). (13)
T E?

These results can be intuitively interpreted: The system can relax by dissi-
pating all its energy E into an environmental Boson. Due to the weakness
of the coupling, multi-Boson processes are strongly supressed. The relax-
ation also dephases the state. Moreover, dephasing can occur due to the
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coupling to low-frequency modes which do not change the energy of the sys-
tem. These expressions for relaxation and dephasing have also been found
by studying the Hamiltonian of our qubit coupled to a damped oscillator,
using a Markovian master equation approach by Tian et al. 2% (based on
work by Garg et al. 25).

The expressions (12) and (13) have prefactors (%)2 and (%)2 that de-
pend on the tunnel splitting A and the energy bias e. These factors cor-
respond to the angles between noise and eigen states usually introduced in
NMR '27 and account for the effect that the qubit’s magnetic dipole radia-
tion is strongest where the flux in the qubit ®;, = 1®q (i. e. (5) maximal),
and that the level separation v is insensitive to flux noise at this point
(i. e. % = (£) ~ 0). One should know and control S(w) at the frequency
E/h for controlling the relaxation, and at low frequencies for controlling the
dephasing. In what follows we will calculate the noise properties of a few
typical experimental environments, and calculate how the noise couples to
the qubit. In fact, these results are at the core of the choice of an optimum
working points described in section 5.3: If S(0) from a specific environment
is particularily destructive, e.g. in 1/f charge noise, we make sure that
that environment couples to the qubit in a way that is perpendicular on
the Bloch sphere such that the flipless term vanishes. A lucid review of this
quantum noise approach can be found in Ref. 19,

Such methods for describing decoherence by averaging over semiclassical
noise will generally fail whenever entanglement between system and bath
becomes significant. This happens at large time scales, but also at stronger
coupling beyond perturbation theory. This failure is due to the effect that
under these conditions the system also has a pronounced influence on the
bath, which changes its dynamics and from there acts back on the system.
This is not captured if the noise is calculated for an a priori given (thermal)
bath state.

The more conventional methods for describing decoherence rely on
studying the reduced density matrix of the quantum system. This den-
sity matrix is obtained from the full density matrix of system and envi-
ronment by tracing out the environment as described above. The reduced
density matrix describes an ensemble of systems, i.e. the results obtained
from it can be compared to results averaged over huge collections of quan-
tum systems or a repeated experiment with identical initial conditions of
the quantum system at each attempt (time-ensemble). The behavior of a
single realization is not predicted, similar to the statistical description of

quantum measurements 2%, see above. In most cases the dynamics of the
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reduced density matrix can be described by a generalized master-equation
with memory, i.e. by a linear integro-differential equation containing all the
evolution in the past, which falls back onto the Liouville equation if the
coupling to the bath is taken away !29130:131.132 " Fyen the path-integral
descriptions for open quantum systems developed from the 80s on have re-
cently been cast in a master-equation form '32. Master equations which are
local in time are called Markovian 133:134:135,136,137 Nany approaches have
been formulated within the Born approximation, which only contains the
coupling to the bath in lowest, quadratic, order '3®. The simplest example
for such a master equation is the phenomenological Bloch equation from
NMR 139:123 " which introduces longitudinal relaxation rates (relaxation of
the spin component parallel to the magnetic field, corresponding to en-
ergy relaxation) and transversal rates corresponding to dephasing. These
equations have first been phenomenologically introduced in the picture of
classical spins without having decoherence in mind. They have been fur-
ther developed in NMR and can be microscopically 49123 derived under
suitable Markov assumptions.

There are other methods to describe open quantum systems, many of
which are essentially numerical: The quantum jump or trajectory method

141,142 143 rely on additional assumptions and

and the Bayesian formalism
have the advantage that they stay within a wave function representation,
which is advantageous for huge systems. Various renormalization group
144,145,146 o the other hand are very precise and include the

regime of large coupling; however, up to now they have difficulties in treat-

approaches

ing nonequilibrium or driven situations.

7.2. Heat bath environments

So far we have given a number of examples for baths which are physically
quite different, but have not detailed how to model them. It turns out
that many baths can be modelled using a few general models: In the ther-
modynamic limit at equilibrium whenever the central limit theorem holds,
systems are Gaussian, i.e. the distribution of values for collective variables
X is of Gaussian form and can be fully described by the two-time correla-
tion function (X (¢)X(0)). All higher cumulants are zero. Such Gaussian
models can be universally described as a bath of harmonic oscillators, and
collective variables can be written as a linear combination of the oscillator
coordinates 5792132 In order to determine the appropriate couplings and
distribution of the oscillators one introduces a spectral density J(w) of the
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oscillators which is determined from the specific properties of the model un-
der consideration. This matching to the physical model is usually done by
comparing either the classical friction induced by the environment, or the
noise correlation function, and will be detailed later on. Then the model
of system plus bath with the appropriate J(w) can be solved quantum-
mechanically as described above.

Oscillator bath models work well e.g. for phonon and photon baths such
as electromagnetic noise. In the latter case, the (hard-core) bosons of the
environment are electron-hole pairs. In many cases, the hard-core correc-
tion does not play any role and is of measure zero in the thermodynamic
limit. For superconducting qubits of many kinds, the environmental spec-
tral function J(w) can be readily determined from either the noise or the
classical friction induced by the environment. We would like to illustrate
this procedure now for the case of flux qubits.

Any linear electromagnetic environment can be described by an effec-
tive impedance Z.g. If the circuit contains Josephson junctions below
their critical current, they can be included through their kinetic inductance
Liin = ®0/(271. cos $) (see section 3), where ¢ is the average phase drop
across the junction. The circuitry disturbs the qubit through its Johnson-
Nyquist noise, which has Gaussian statistics and can thus be described
by an effective Spin-Boson model 2. In this model, the properties of the
oscillator bath which forms the environment are characterized through a
spectral function J(w), which can be derived from the external impedance.
To stay within an all-electrical analogy: We replace the resistors in the
setup by infinite LC' lines and perform a normal mode transformation to
decouple all oscillators. Note, that other nonlinear elements such as tunnel
junctions which can produce non-Gaussian shot noise are generically not
covered by oscillator bath models.

As explained above, the flux noise from an external circuit leads to
€ = €0 + d¢(t). For being able to treat system-bath entanglement, we write
out a phenomenolgical Hamiltonian, the spin boson model,

A 1

We again parametrize the noise de(t) by its semiclassical power spectrum
S(w) = ({be(t), 5¢(0)}), = h*J (w) coth(hw/2kgT). (15)

Here, J(w) is formally defined as J(w) = >, A20(w — w;). We will ex-
plain how J(w) can be obtained for electromagnetic environments in section
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7.3. Firstly, we would like to outline an alternative approach pioneered by
Leggett 147, where J(w) is derived from the classical friction induced by
the environment. In reality, the combined system of SQUID and qubit will
experience fluctuations arising from additional circuit elements at different
temperatures, which can be treated in a rather straightforward manner.

7.3. Decoherence due to the Electromagnetic Environment
7.3.1. Characterizing the Environment from Classical Friction

We study a DC-SQUID in an electrical circuit as shown in Fig. 3. It contains
two Josephson junctions with phase drops denoted by ~y;,,. We start by
looking at the average phase Yox = (71 +72)/2 across the read-out SQUID.
Starting from the generalization of the RCSJ model to arbitrary shunt
admittances Y, we find the equation of motion

[0}
2Cy 5 .

™

(0]
Yex = —21c COS(%) SN Yex + Ibias — 2_0 /dt/;ch(t/)Y(t - t/)' (16)
™

Here, vin = (71 — 72)/2 is the dynamical variable describing the circulating
current in the loop which is controlled by the flux, I, is the bias current
imposed by the source, Y (w) = Z~1(w) is the admittance in parallel to the
whole SQUID and Y (1) its Fourier transform. The SQUID is described by
the junction critical currents I o which are assumed to be equal, and their
capacitances C'y. We now proceed by finding a static solution which sets
the operation point 7y /ex,0 and small fluctuations around them, 67y, /ex-
The static solution reads Ipias = I¢ eff SiDYex,0 Where Ic e = 210 COSVin,0
is the effective critical current of the SQUID. Linearizing Eq. (16) around
this solution and Fourier-transforming, we find that

27Ty, tan Yin 0 Zest (w)
ex - 3 : i 1
Yex (w) oDy 7i(w) (17)
where Zeg(w) = (Z(w)™'+ 2iwCy+ (ikain)*l)fl is the effective

impedance of the parallel circuit consisting of the Z(w), the kinetic in-
ductance of the SQUID and the capacitance of its junctions. Neglecting
self-inductance of the SQUID and the (high-frequency) internal plasma
mode, we can straightforwardly substitute ~i, = 7®/®g and split it into
Yin,0 = ™Px 5/ Po set by the externally applied flux ®y g through the SQUID
loop and ¢ = TMsqlq/®Po where Mgq is the mutual inductance between
qubit and the SQUID and Iq () is the circulating current in the qubit as a
function of the junction phases, which assumes values 1, in the classically
stable states.
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In order to analyze the backaction noise of the SQUID onto the qubit
in the two-state approximation, we have to get back to its full, continuous
description we started out from in section 5.2, the classical dynamcis. These
are equivalent to a particle, whose coordinates are the two independent
junction phases in the three-junction loop, in a two-dimensional potential

C(®o/27)*F = —VU (B, By g + IsMsq). (18)

The details of this equation are explained in Ref. 7 and in section 5.2. C is
the capacitance matrix describing the charging of the Josephson junctions in
the loop, U () contains the Josephson energies of the junctions as a function
of the junction phases and Ig is the ciculating current in the SQUID loop.
The applied flux through the qubit @ is split into the flux from the external
coil @, , and the contribution form the SQUID. Using the above relations
we find

Z
IsMsq = 6P — 272MS2Q1129 tan® VimOﬁIQ (19)
0

where 0@ ~ Mgsql:,o COS7Yex,05i0Yin,0 is the non-fluctuating back-action
from the SQUID.

From the two-dimensional problem, we can now restrict ourselves to
the one-dimensional subspace defined by the preferred tunneling direction
shown in Fig. 4 7, which is described by an effective phase ¢. The potential
restricted on this direction, Up(¢) has the form of a double well 92132 with
stable minima situated at £¢g. In this way, we can expand Uip(p, @q) =~
Ulp, @q, ) + Iq()IgMsq. Approximating the phase-dependence of the
circulating current as Iq(y) ~ I,¢/po where I, is the circulating current
in one of the stable minima of ¢, we end up with the classical equation of
motion of the qubit including the backaction and the friction induced from

the SQUID
Do ? 2 2272 72 2 Zefflg
—Ceff (%) w —|—27T MSQIbiastan ’}/in)om
= —3¢U1D(<ﬂ, ‘I)z_’q + 5(1)01)- (20)

We encode this form using the Fourier transform of the differential operators
as D(w)p(w) = —0U/dp. We can use the prescription given in 47
identify the spectral function for the continuous, classical model as Jeons =
ImD(w). From there, we can do the two-state approximation for the particle
in a double well 132 and find J (w) = Jeont in analogy to 148

) = 2 <M;—QI)I i (32) Re(Zualel).  (20)

and
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This equation has a remarkable consequence: It predicts a well-defined
7off”-state at Ipjas = 0, i.e. as for any good detector, the backaction can
be switched off in order to prevent the Zeno effect. In practice, one has to
take into account the double-layer structure, so either the preferred work-
ing point is at finite current, or the double layer is shorted by a fourth
junction?, see also section 5.3.

Note that, even though we have assumed a shunt only across the whole
device, this method can be extended to describe shunts at the individual
SQUID junctions as well 149,

7.4. Qubit Dynamics under the Influence of Decoherence

From J(w), we can analyze the dynamics of the system by studying the
reduced density matrix, i.e. the density matrix of the full system where
the details of the environment have been integrated out, by a number of
different methods. The low damping limit, J(w)/w < 1 for all frequencies,
is most desirable for quantum computation. Thus, the energy-eigenstates of
the qubit Hamiltonian are the appropriate starting point of our discussion.
In this case, the relaxation rate I, (and relaxation time 7,.) are determined
by the environmental spectral function J(w) at the frequency of the level
separation F of the qubit by equations(12) and (13), These expressions
have been derived in the context of NMR '27 and recently been confirmed
by a full path-integral analysis '.

For performing efficient measurement, one can afford to go to the strong
damping regime. A well-known approach to this problem, the noninteract-
ing blip approximation (NIBA) has been derived in Ref. 92
imation gives good predictions at degeneracy, ¢ = 0. At low |¢] > 0 it
contains an artifact predicting incoherent dynamics even at weak damping.
At high bias, € > A and at strong damping, it becomes asymptotically

correct again. We will not detail this approach here more, as it has been
92,132

. This approx-

extensively covered in

If J(w) is not smooth but contains strong peaks the situation becomes
more involved: At some frequencies, J(w) may fall in the weak and at others
in the strong damping limit. In some cases, whern J(w) < w holds at least
for w <  with some Q > v/h, this can be treated approximately: one can
first renormalize Aeg through the high-frequency contributions %2 and then
perform a weak-damping approximation from the fixed-point Hamiltonian.
This is detailed in Ref. 159, In the general case, more involved methods
such as flow equation renormalization 51152 QUAPI %3 or the complex
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154

environments approach have to be used.

7.5. Application: Engineering the Measurement Apparatus

From Eq. (21) we see that engineering the decoherence induced by the
measurement apparatus essentially means engineering Z.g. We specifically
focus on the contributions due to the measurement apparatus. In this
section, we are going to outline and compare several options suggested in
literature. We assume a perfect current source that ramps the bias current
Tpias through the SQUID. The fact that the current source is non-ideal,
and that the wiring to the SQUID chip has an impedance is all modeled
by the impedance Z(w). The wiring can be engineered such that for a very
wide frequency range the impedance Z(w) is on the order of the vacuum
impedance, and can be modeled by its real part R;. It typically has a value
of 100 .

It has been suggested 3° to overdamp the SQUID by making the shunt
circuit a simple resistor Z(w) = Rg with Rg < 1/ Lin/2Cj. This is inspired
by an analogous setup for charge qubits, *®>. Following the parameters
given in 18 we find aR = 0.08Q and wi,r/R = 8.3GHz/Q.

Next, we consider a large superconducting capacitive shunt (Fig. 15a, as
implemented in Refs. 7156). The C shunt only makes the effective mass of
the SQUID’s external phase 7ox very heavy. The total impedance Zeg(w)
and J(w) are modeled as before, see Fig. 16. As limiting values, we find

272
w L5

oot forw < wre
Re{Zegr(w)} ~ R;,, forw=uwrc (22)
#52,1317 for w > wre

We can observe that this circuit is a weakly damped LC-oscillator and it
is clear from (12) and (21) that one should keep its resonance frequency
wre = 1/V/LjCq, where Re{Zcg(w)} has a maximum, away from the
qubit’s resonance wyes = v/h. This is usually done by chosing wi,c < Wyes-
For a C-shunted circuit with wpc < wyes, this yields for J(w =~ wr,c)

(2n)® (MI,\? , , (TP 1
J(w) ~ N — ) 23
(w) hw3 (1)0 bias an (1)0 CSQth ( )

One has to be aware of the fact that at these high switching current values
the linearization of the junction as a kinetic inductor may underestimate
the actual noise. In that regime, phase diffusion between different minima
of the washboard potential also becomes relevant and changes the noise
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Figure 15. Circuit models for the C-shunted DC-SQUID (a) and the RC-shunted DC-
SQUID (b). The SQUID is modeled as an inductance Lj. A shunt circuit, the su-
perconducting capacitor Cg, or the Rg,-Cy, series, is fabricated on chip very close to
the SQUID. The noise that couples to the qubit results from Johnson-Nyquist volt-
age noise 0V from the circuit’s total impedance Z.g. Z.g is formed by a parallel
combination of the impedances of the leads Z;, the shunt and the SQUID, such that
Z;ffl =1/Z; +1/(Rsp + 1/iwCsp) 4+ 1/iwL 5, with Rgp, = 0 for the circuit (a)

properties 27198 As a complementary perspective, the C-shunted SQUID
can be seen as a, generally nonlinear, cavity with small leakage rate 109:154,

As an alternative we will consider a shunt that is a series combination
of a capacitor and a resistor (Fig. 15b) (RC-shunted SQUID). The RC
shunt also adds damping at the plasma frequency of the SQUID, which is
needed for realizing a high resolution of the SQUID readout (i. e. for narrow
switching-current histograms) 7. The total impedance Z;(w) of the two

measurement circuits are modeled as in Fig. 15. For the circuit with the
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Figure 16. A typical Re{Z;(w)} for the C-shunted SQUID (a) and the RC-shunted
SQUID (b), and corresponding J(w) in (c) and (d) respectively. For comparison, the
dashed line in (c¢) shows a simple Ohmic spectrum, J(w) = aw with exponential cut
off we/2m = 0.5 GHz and a = 0.00062. The parameters used here are I, = 500 nA
and 7" = 30 mK. The SQUID with 2I., = 200 nA is operated at f = 0.757 and
current biased at 120 nA, a typical value for switching of the C-shunted circuit (the
RC-shunted circuit switches at higher current values). The mutual inductance M = 8
pH (i. e. MI,/®o = 0.002). The shunt is Cg, = 30 pF and for the RC shunt Ry, = 10
Q. The leads are modeled by R; = 100 Q2

RC shunt

w?L?
jrmt for w K wre
1

<Ry, forw=uwre <<m (24)
Rl//RsIu forw =wrc > ﬁ
Rl//Rs}u for w > wre

Re{Z;(w)} ~

The difference mainly concerns frequencies w > wrc, where the C-shunted
circuit has a stronger cutoff in Re{Zeg(w)}, and thereby a relaxation rate,
that is several orders lower than for the RC-shunted circuit. Given the
values of J(w) from Fig. 16, one can directly see that an RC-shunted circuit
with otherwise similar parameters yields at w,..s/2m = 10 GHz relaxation
times that are about four orders of magnitude shorter.

Let us remark that a different parameter regime of the RC shunt has
been studied in Ref. 9. Here, the RC shunts are higher in resistance and
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allow to enter the quantum tunneling regime for the SQUID. Also, they are
not applied across the device, but to the individual junctions. The steering
of the minimum width and the histograms has been studied in great detail
and good agreement between theory and experiment has been obtained.
However, it turned out that the best device performance will be achieved
for R =0, a pure C-shunt.

7.6. Discrete noise

Not all environments can be described this way. A prominent counterex-
ample are localized modes with a bounded spectrum such as spins **? and
structural fluctuations generating classical telegraph noise 160:161.162,163
which are inherently non-Gaussian. One expects from the central limit
theorem, that large ensembles of such fluctuators usually behave Gaussian
again 164122 but details of this transition are only partially understood at
present 161,165

Most research has concentrated on decoupling devices from external
noise sources such as electromagnetic noise generated by control and mea-
surement apparatus 8. On the other hand, there inevitably are internal
noise sources because the fabrication of gates, tunnel junctions, and other
functional components creates defects in the underlying crystal. Prominent
examples of such defects are background charges in charge-based devices or
cricital current fluctuations in flux-based devices 166167, A clear signature
of such defects is telegraph noise in the case of a few defects or 1/ f-noise
in the case of a larger ensemble 198, With the growing success in engineer-
ing the electromagnetic environment, these defects are becoming more and
more the key limiting sources of decoherence.

Such defects do not fall in the large class of noise sources that can be
approximated well as a bosonic bath, and this fact complicates their analy-
sis. Localized noise sources with bounded spectra like the defects in which
we are interested produce noise that is significantly non-Gaussian. Theories
treating large ensembles of non-Gaussian noise sources have been presented
160,159 However, with the ongoing improvement in nanofabrication tech-
nology, it is realistic to consider the case where non-Gaussian noise sources
are reduced down to only a single one or a few per device. This is the case
we treat here, and thus the defects find a more realistic representation as a
small set of bistable fluctuators (henceforth abbreviated bfls). In principle,
this approach can be extended to larger sets of bfls with a range of different
mean switching times (e.g., an ensemble with an exponential distribution
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of switching times that produces 1/ f-noise 96-165:163),

7.7. Model of the bistable fluctuator in its semiclassical
limit
We describe the bfl-noise influenced evolution of the qubit in its semiclassi-

cal limit by using a stochastic Schrodinger equation 169170 with the time-
dependent effective Hamiltonian

H(t) = Hq + Hpoise(t) (25)
Hy = hegtd + hAg6% (26)
Hnoisc(t) = ha 63 gbﬂ(t) (27)

where ¢, and A define the free (noiseless) qubit dynamics. &pa(t) denotes
a function randomly switching between +1 (see Fig. 17), which represents
a telegraph noise signal. The switching events follow a symmetrical Poisson
process, i.e., the probabilities of the bfl switching from +1 to —1 or —1 to
+1 are the same and equal in time. The Poisson process is characterized by
the mean time separation m,q between two bfl flips. The coupling amplitude
to the qubit in frequency units is a.

Starting with an arbitrary initial state of the qubit, represented by some
given point on the Bloch sphere, we can numerically integrate the corre-
sponding stochastic differential equation and obtain the corresponding ran-
dom walk on the Bloch sphere

#(t) = Texp (—z’/h/ot H(s) ds) #(0) (28)

with T denoting the usual time-ordering operator.

7.8. Bang-bang control protocol

We propose to reduce the influence of the bfl-noise by applying to the
qubit a continuous train of m-pulses along the oy-axis. This refocusing
pulse scheme essentially corresponds to the standard quantum bang-bang
procedure 171172:173 or the Carr-Purcell-Gill-Meiboom echo technique from
NMR '™, For technical convenience, we consider the m-pulses to be of
infinitesimal duration. This simplification is not crucial as described in'7>.
The pulses are assumed to be separated by a constant time interval 7,,. The
mean separation m,q between two bfl flips is assumed to be much longer than

Thh. For theoretical convenience, we also assume that g is shorter than
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Figure 17. Schematic plot of a typical Poisonian bfl noise signal and its resulting random

walk behavior (in the limit of small deviations). The periodic fast switching step function

represents a bang-bang pulse with a time scale ratio: 7pg/7pp = 10 and yields a quite

smaller random walk step-length. 7gys = \/ﬁ denotes the evolution period of the
a qa

qubit in the noiseless case.

the free precession period of the qubit. This too is not a crucial restriction.
(It can always be overcome by changing to a co-precessing frame.)
Qualitatively, bang-bang control works as follows. Since 7,1, < Tpg, it is
usually the case that the bfl does not flip during the time between two bang-
bang pulses that flip the qubit. In this way, the bang-bang pulses average
out the influence of Hyoise(t). In fact, the refocusing scheme fully suppresses
the o,-term of the static Hamiltonian (26 (compare Fig. 21); but this turns
out to be no crucial obstacle to universal quantum computation. As one
can visualize in Fig. 17, it is only when a bfl flip occurs during a bang-bang
period that the net influence of the bfl felt by the qubit is nonzero, and the
qubit thus suffers some random deviation from its trajectory in the noiseless
case. Taken together, these random deviations constitute a random walk
around the noiseless trajectory. While this walk is actually continuous, it
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Ox

Figure 18. Schematic plot of noisy qubit evolution generated by Poissonian telegraph
noise. The resulting random walk (dot-dashed line) on the Bloch sphere is comprised
both of deviations Acgepn in parallel to the free precession trajectory (dotted line), which
correspond to dephasing, and deviations Ao, perpendicular to it, which correspond to
relaxation/excitation.

can be modelled as a discrete walk with steps that are randomly distributed
in time, one step for each bfl flip (see e.g. 7). The average step length
is essentially the product of the noise coupling strength a and the mean
time the bfl in its present state can influence the qubit. Without bang-bang
control, this mean influence time is 7,5, whereas with bang-bang control, it
is reduced to 1pp. Therefore, both with and without bang-bang control, the
random walk has the same time distribution of steps, but with bang-bang
control the step size can be significantly reduced roughly by a factor of the
ratio of time scales T, /Thg-
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7.9. Random Walk on the Bloch sphere

Now we study this proposal quantitatively. We simulate these random walks
both with and without bang-bang control by integrating both numerically
and analytically the Schrodinger equation, Eq. (28), with the stochastic
Hamiltonian of Egs. (25-27). As generic conditions for the qubit dynamics,
we choose ¢4 = Agq = g. Without loss of generality, we set the qubit’s
initial state to be spin-up along the z-axis. If the qubit-bfl coupling a were
zero, then the qubit would simply precess freely on the Bloch sphere around
the rotation axis 6% + 62 (the dotted line in Fig. 18). Hence, we expect
for a sufficiently small coupling (o < ) only a slight deviation of the
individual time evolution compared to the free evolution case (the dashed
line in Fig. 18). For the coupling strength, we take o = 0.1Q. All the
following times and energies are given in units of the unperturbed system
Hamiltonian, i.e., our time unit 7gys is given according the free precession
time 77sys/v/2, and our energy unit is given by AE = | [e2 + A2 = V2.
The time scale ratio is taken to be pa/7p, = 10 if not denoted otherwise.

This approach accounts for the essential features of our specific situ-
ation: the long correlation time of the external noise, essentially 7,g, its
non-Gaussian statistics and its potentially large amplitude at low frequen-
cies. These properties are crucial and are difficult, although not impossible,
to take into account in standard master equation methods.

7.9.1. Numerical simulations

We have numerically integrated Eq. (28) and averaged the deviations of
the random walk evolution from the unperturbed trajectories for times up
to 1007gys over N = 103 realizations. Larger simulations have proven that
convergence is already sufficient at this stage. We shall examine the root-
mean-square (rms) deviations of this ensemble at given time points

N 2
AGrms(t) = % S (5900) — (1) (29)
j=1
with and without bang-bang control. In other approaches, such as those
based on master equations, one separates dephasing and relaxation. Both
are contained here in Eq. (29). We shall point out notable differences
between these two channels. The deviation as a function of time is plotted
in Fig. 19.
The total deviations on intermediate time scales are suppressed by a
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Figure 19. Time evolution of the rms deviations for bfl-induced random walks with
and without bang-bang control at a coupling constant @ = 0.1 and a typical flipping
time scale T, = 10’27-5),5. The separation between two bang-bang pulses is 1, =
10*37'33,5. The straight lines are square-root fits of the analytical derived random walk
model variances (plotted as triangles). Inset: Components of the deviations from the
free precession trajectory that are parallel to it (dephasing) and perpendicular to it
(relaxation/excitation) with bang-bang control.

ratio on the order of 10. A detailed numerical analysis shows that with-
out bang-bang suppression, the deviations parallel to the free precession
trajectory (which correspond to dephasing) are of similar size to those per-
pendicular to free precession (which correspond to relaxation/excitation).
In contrast, with bang-bang control, dephasing is almost totally absent as
one can see in the inset of Fig. 19.

The main double-logarithmic plot of Fig. 19 shows that on short time
scales (t ~ 0.17gys, which corresponds to ~ 10 random walk steps), devia-
tions increase almost linearly in time. It is not until times on the order of
Tsys that the noise-induced deviations start to behave as typical classical
random walks, increasing as a square-root in time.
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7.9.2. Analytical random walk models

We now develop analytical random walk models for our system. The ran-
dom walk on the Bloch sphere is in general two-dimensional, consisting of
both parallel and perpendicular deviations to the free evolution trajectory.
Bang-bang control, as was seen in the above numerical results and as will
be seen in the following analytical results, essentially reduces the random
walk to one-dimension as only the perpendicular deviations remain signifi-
cant. In the following, we restrict ourselves to the long-time (many random
walk steps) regime.

We first calculate for both cases the probability distributions of the de-
viations after one bfl flip (“one-step deviations” in terms of the discrete
random walk). The fluctuation of the period between Tpir leads to dephas-
ing, which can be evaluated at o < €4, Aq to

Age
Azyaomn  (30)

q q

1 1
A&'ggph =2mwcos¢ ( — - —) T = +2
Tper Tper
For the relaxation/excitation effect of the noise, one has to use the
projection of the perturbation orthogonal to the free axis.
In total, using TPicr > Tper to first order in o, we find

1 T 3
AGP = 27 cos psin nﬁ cos ¢T§; ~ ﬂm
The derivation of the maximal one-step deviation for the bang-bang
controlled situation has to be handled differently. The deviation resulting
from a bfl flip during a bang-bang pulse period is maximal if the step hap-
pens exactly at the moment of the second qubit spin-flip (i.e., in the middle
of the bang-bang cycle). When this happens, the refocusing evolution has
in its first half a drift, for example, to the “right” (compare Fig. 21) and in
the last half an equal aberration.

QAThf - (31)

We average the maximal one-step deviation over one precession period
in the usual rms manner to obtain

1 27
<A5Elk;x> = \/% / sin? X40427‘§b dx
0
= \/iaTbb. (32)

Obviously, this variance only contributes to relaxation.
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Figure 20. Plot of a typical one-step deviation from the unperturbed qubit trajectory
with generic values for eq and Aq. The fractions of the bfl fluctuations in 6,-direction
have to be distinguished with respect to their effects on the qubit: those that yield
dephasing deviations that are parallel to the free precession trajectory (proportional to
sin¢) versus relaxation/excitation deviations that are perpendicular (proportional to
sinn). Both parts are additionally domineered by a factor of cos ¢ due to the diminished
radius of the trajectory starting from the initial state o, = +1. The impact of the
relaxation/excitation generating part is furthermore depending on cos ¢ as well as sin y,
the azimuth angle of the qubits present position.

From the long-time limit of our analytical random walk distribution, we
find for their variances in real space representation

V5
Aopa(Npa) =/ NoaB = Non—5-aTba (33)
for the case without bang-bang control and

v/ Vi N,
2bﬂ v = TbﬂaTbb (34)

for the case with it. In the large-Npg limit, this model shows excellent
agreement with the numerical simulations.

Aoy (Npa) =



October 14, 2005 17:56 Proceedings Trim Size: 9in x 6in DVproch

53

P

e —————

20
Figure 21. Sketch of a maximal one-step deviation during a bang-bang modulated cycle,
which appears if the bfl state flips precisely at the intermediate bang-bang pulse time.

The dephasing part of deviation evidently averages out, while a relaxating aberrance
arise proportional to the noise-coupling constant .

7.9.3. Bang-bang control working as a high-pass filter

In order to measure the degree of noise suppression due to bang-bang con-
trol, we define the suppression factor S;, as follows for a given evolution
time to

Adpns (to)
AGERs(to)

rms

Sto (ot /Tob) = (35)

We now systematically study the dependence of S, on 7,4/mp for a
constant mean bfl switching rate 7,4 = 10’27'Sys at a fixed evolution time
to = Tsys. The numerical data in Fig. 22 show that the suppression effi-
ciency is linear in the bang-bang repetition rate, S; . = pmpa /Tbb. The
numerically derived value of the coefficient, pinumerical = 1.679, is in excel-
lent agreement with the analytical result panalytical = \/5/_2 ~ 1.581 from
our saddle point approximation, Egs. (33) and (34).

We have investigated the qubit errors that arise from the noise gener-
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Figure 22. The suppression factor St, (Thba/Tbb) = evaluated for tg = Tsys as

ated by a single bistable fluctuator (bfl) in its semiclassical limit, where
it behaves as a telegraph noise source. We numerically integrated a cor-
responding stochastic Schrodinger equation, Equ. (28), as well as analyti-
cally solved (in the long-time limit) appropriate random walk models. As
a characteristic measure of the resulting dephasing and relaxation effects,
we used the rms deviation of noisy evolutions compared to noiseless ones.
To suppress the effects of this noise, we presented a bang-bang pulse se-
quence analogous to the familiar spin-echo method. We claimed this pulse
sequence to be capable of refocusing most of the bfl-noise induced aberra-
tions. Both in the case without bang-bang control and the case with it,
there was excellent agreement between our numerical and analytical results
on the relevant intermediate time scales (i.e., times after a short initial
phase where deviations grow linearly instead of as a square-root in time,
but before the qubit becomes totally decohered).

Meanwhile, several other extensions of Ref. 17717 have been proposed
by other research groups. Ref. 63 includes a larger number of fluctua-
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tors, described as semiclassical noise sources, but restricts itself to a single
spin-echo cycle. Ref. 162 analyzes extensively the importance of higher,
non-Gaussian cumulants and memory effects and arrives at a number of
analytical results, but it does not treat the option of refocusing. Ref. 178
treats a full microscopic model and compares different variations of the
bang-bang pulse sequence. Ref. 17 also treats a full microscopic model
with potentially many fluctuators using a Lindblad-type approach and cov-
ers a wide range of ratios between the fluctuator and bang-bang pulse time
scales. One of its main conclusions is that a Zeno effect is found in a param-
eter regime not covered by our work. Note that all of these other extensions
of our work treat only the case of ideal bang-bang pulses.

8. Coupled qubits and beyond

To implement a quantum algorithm, one must be able to entangle multiple
qubits, so that an interaction term is required in the Hamiltonian describ-
ing a two qubit system. For two superconducting flux qubits, the natural
interaction is between the magnetic fluxes. Placing the two qubits in prox-
imity provides a permanent coupling through their mutual inductance 8°.
Pulse sequences for generating entanglement have been derived for several
superconducting qubits with fixed interaction energies 107181,
entangling operations can be much more efficient if the interaction can be
varied and, ideally, turned off during parts of the manipulation. A variable
coupling scheme for charge-based superconducting qubits with a bipolar in-
teraction has been suggested recently '82. For flux qubits, while switchable
couplings have been proposed previously "3183, these approaches do not

However,

enable one to turn off the coupling entirely and require separate coupling
and flux readout devices.

As a new device, we propose a new coupling scheme for flux qubits
in which the interaction is adjusted by changing a relatively small current.
For suitable device parameters the sign of the coupling can also be changed,
thus making it possible to null out the direct interaction between the flux
qubits. Furthermore, the same device can be used both to vary the cou-
pling and to read out the flux states of the qubits. We show explicitly how
this variable qubit coupling can be combined with microwave pulses to per-
form the quantum Controlled-NOT (CNOT) logic gate. Using microwave
pulses also for arbitrary single-qubit operations, this scheme provides all
the necessary ingredients for implementation of scalable univeral quantum
logic.
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The coupling is mediated by the circulating current J in a dc Supercon-
ducting QUantum Interference Device (SQUID), in the zero voltage state,
which is coupled to each of two qubits through an identical mutual induc-
tance My [Fig. 23(a)]. A variation in the flux applied to the SQUID, &,
changes J [Fig. 23(b)]. The response is governed by the screening param-
eter B, = 2L1,/®y and the bias current I, where I, < I.(®s), the critical
current for which the SQUID switches out of the zero voltage state at T'= 0
in the absence of quantum tunneling. In flux qubit experiments 7, the flux
state is determined by a dc SQUID to which fast pulses of I, are applied to
measure I.(®4, T). Thus, existing technology allows I, to be varied rapidly,
and a single dc SQUID can be used both to measure the two qubits and to
couple them together controllably.

(@
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Figure 23. (a) SQUID-based coupling scheme. The admittance Y represents the SQUID
bias circuitry. (b) Response of SQUID circulating current J to applied flux &, for
Br = 0.092 and I,/1.(0.45®9) = 0,0.4,0.6,0.85 (top to bottom). Lower right inset
shows J(®s) for same values of I, near s = 0.45®g. Upper left inset shows I. versus
Ds.

The energy biases €) are determined by the flux bias of each qubit rel-
ative to ®y/2. The tunnel frequencies d;/h are fixed by the device param-
eters, and are typically a few GHz. For two flux qubits, arranged so that
a flux change in one qubit alters the flux in the other, the coupled-qubit
Hamiltonian describing the dynamics in the complex 4-dimensional Hilbert
space becomes

H=H,@I? + 1Y @ Hy — (K/2)0V) @ cP, (36)

where 1) is the identity matrix for qubit i and K characterizes the coupling
energy. For K < 0, the minimum energy configuration corresponds to anti-
parallel fluxes. For two flux qubits coupled through a mutual inductance
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Iq@)} .

For the configuration of Fig. 23(a), in addition to the direct coupling,
Ky, the qubits interact by changing the current J in the SQUID. The
response of J to a flux change depends strongly on I, [Fig. 23(b)]. When
L;z) switches direction, the flux coupled to the SQUID, ACI)§2), induces a
change AJ in the circulating current in the SQUID, and alters the flux
coupled from the SQUID to qubit 1. The corresponding coupling is

Mg, the interaction energy is fixed at Ko = —2M, ‘Lg

— 71 1) _ 2
K, =IPADM = —2M2

ng] ’1§2> ’ Re (0.7/0P,), . (37)

The transfer function, (0.J/0®s);,, is related to the dynamic impedance,
Z, of the SQUID via 84

0.J/0®, = iw/Z = 1/L + iw/R, (38)

where R is the dynamic resistance, determined by Y which dominates any
loss in the Josephson junctions, and L is the dynamic inductance which, in
general, differs from the geometrical inductance of the SQUID, L.

We evaluate (0.J/0®y) 1, by current conservation, neglecting currents
flowing through the junction resistances:

I, = I, 4+ 21y cos Aysiny — 2C(®y/27)7, (39)
J = Iy cosysin Ay — C(Py/2m)AF. (40)

Here, I, is the current flowing through the admittance Y (w) [Fig. 23(a)],
and Iy and C' are the critical current and capacitance of each SQUID junc-
tion. The phase variables are related to the phases across each junction,
v1 and 2, as Ay = (1 — 12)/2 and ¥ = (71 + 72)/2. The phases are
constrained by dAy = (7/®)(d®s — LdJ).

The expression for K in terms of Re (90./0®;);, (Eq. 37) requires the
qubit frequencies to be much lower than the characteristic frequencies of
the SQUID. This condition is satisfied by our choice of device parameters,
and also ensures that the SQUID stays in its ground state during qubit
entangling operations. Furthermore, it is a reasonable approximation to
take the w = 0 limit of Re (0.7/0®5), to calculate K, so that we can solve
Egs. (39) and (40) numerically to obtain the working point; for the moment
we assume Y (0) = 0. For the small deviations determining K, we linearize
Egs. (39) and (40) and solve for the real part of the transfer function in
the low-frequency limit:

Re<aJ> 1 1 — tan? Aytan?%
00:);,  2Lj 1+ 57-(1 — tan® Ay tan®5)’

(41)
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Here, we have introduced the Josephson inductance for one junction, L; =
Do /27 Iy cos Aycosy. For B, > 1, Eq. (41) approaches 1/L, while for
BL < 15

Re (0J/0%5);, = (1/2L;)(1 - tan? Ay tan®7). (42)

We see that Re (0.J/0®5); becomes negative for sufficiently high values of
I, and @4, which increase ¥ and A~.

We choose the experimentally-accessible SQUID parameters L = 200
pH, C = 5 fF, and Iy = 0.48 pA, for which g = 0.092. The qubits are
characterized by 1§ = IS = 0.46 uA, M,, = 33 pH, and M,, = 0.25 pH,
yielding Ko/h = —0.16 GHz. Choosing ®; = 0.45®, Egs. (37) and (41)
result in a net coupling strength K/h = (Ko + K;)/h that is —0.3 GHz
when I, = 0, and zero when I;,/1.(0.45®¢) = 0.57 [Fig. 24(a)]. The change
in sign of K does not occur for all 51. Figure 24(b) shows the highest
achievable value of K versus §;. We have adopted the optimal design at

Gr, = 0.092.
) (@)
s
g 075
< 0.5
2 025f
M
¢ O'O_ym 002 00l NP
¥ -0.25% I/16(0.45®0) ons. 01 0203 04N

Figure 24. (a) Variation of K with I, for &5 = 0.45®¢ and device parameters described
in text. (b) Highest achievable value of K versus 81, evaluated at I, = 0.851.(0.45®¢);
Iy (and hence Br) is varied for L = 200 pH.

We also need to consider crosstalk between the coupling and single-qubit
terms in the Hamiltonian. When the coupling is switched, in addition
to 0J/0® being altered, J also changes, thus shifting the flux biases of
the qubits. The calculated change in J as the coupler is switched from
Iy = 0 to I,/1.(0.45®p) = 0.57 produces a change in the flux in each
qubit corresponding to an energy shift de;/h = dea/h = 1.64 GHz. In
addition, when the qubits are driven by microwaves to produce single-qubit
rotations, the microwave flux may also couple to ®5;. As a result, K is
weakly modulated when the coupling would nominally be turned off. A
typical microwave drive €;(t)/h of amplitude 1 GHz results in a variation
of about £14 MHz about K = 0.

When the bias current is increased to switch off the coupling, the SQUID
symmetry is broken and the qubits are coupled to the noise generated by
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the admittance Y. We estimate the decoherence due to this process using
the technique outlined in section 7.3. We obtain as an intermeiate result

J(w) = (I;M7,/h) Im (8.J/09,),, . (43)

S

For the case Y ! = R, following the path to the static transfer function
Eq. (41) and taking the imaginary part in the low-G limit, we obtain
Im(8J/0®)1, = —w/R = (w/4R) tan? Aytan?5. Thus J(w) = aw, where
o = (MZ2I2/4hR)tan® Ay tan® 5, and a(l, = 0) = 0. As I is increased to
change the coupling strength, « increases monotonically. For the param-
eters described above and for R = 2.4 k{2, when the net coupling is zero
[I,/1.(0.45®¢) = 0.57, Fig. 24(a)], we find a = 8 x 1075 corresponding to a
qubit dephasing time of about 500 ns, one order of magnitude larger than
values currently measured in flux qubits 7, however, shorter than the best
values with flux echo.

We now show that this configuration implements universal quantum
logic efficiently. Any n-qubit quantum operation can be decomposed
into combinations of two-qubit entangling gates, for example, CNOT, and
single-qubit gates '35, Single-qubit gates generate local unitary trans-
formations in the complex 2-dimensional subspace for the corresponding
individual qubit, while the two-qubit gates correspond to unitary transfor-
mations in the 4-dimensional Hilbert space. Two-qubit gates which cannot
be decomposed into a product of single-qubit gates are said to be nonlocal,
and may lead to entanglement between the two qubits 86
adjust the qubit coupling K to zero, we can readily implement single-qubit
gates with microwave pulses as described below.

To implement the nonlocal two-qubit CNOT gate, we use the concept
of local equivalence: the two-qubit gates U; and U, are locally equiva-
lent if Uy = k1Usks, where k1 and ko are local two-qubit gates which are
combinations of single-qubit gates applied simultaneously. These unitary

. Since we can

transformations on the two single-qubit subspaces transform the gate Us
into U;. The local gate which precedes Us, k2, is given by ko1 ® ka2, where
ka1 (22) is a single-qubit gate for qubit 1(2), while the local gate which follows
Us, ki, is k11 ® k12, where kq1(12) is a single-qubit gate for qubit 1(2) 57
Our strategy is to find efficient implementation of a nonlocal quantum gate
U, that differs only by local gates, k1 and kg, from CNOT, using the meth-
ods in ¥ and the computational basis, in which the SQUID measures the
projection of each qubit state vector onto the z-axis.

The local equivalence classes of two-qubit operations have been shown
186 to be in one-to-one correspondence with points in a tetrahedron, the
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Weyl chamber. In this geometric representation, any two-qubit operation is
associated with the point [¢1, ¢z, ¢3], where CNOT corresponds to [7/2,0,0].
Furthermore, the nonlocal two-qubit gates generated by a Hamiltonian act-
ing for time ¢ can be mapped to a trajectory in this space %6, If K is
increased instantaneously to a constant value, the trajectory generated by
Eq. (36) is well described by the following periodic curve

[c1,c2, 3] = [Kvt/h,plsinwt]|, p|sinwt]]. (44)

Here, p is a function of the system parameters, v = €)¢3/AE;AF,, and
w = (AE, — AEy)/2h, where AE; = [(¢2)? 4 62]'/2 is the single-qubit
energy level splitting. Independently of p, this trajectory reaches [r/2,0,0]
in a time tx = nm/w when the coupling strength is tuned to K = fiw/2nv,
with n a nonzero integer.

While this analytic solution contains the essential physics, it is an ap-
proximation and does not include vital experimental features, in particular,
crosstalk and the finite rise time of the bias current pulse. To improve the
accuracy, we perform a numerical optimization using Eq. (44) as a starting
point, then add these corrections. We use tunnel frequencies §, /h = 5 GHz
and d2/h = 3 GHz, and include the shifts of the single-qubit energy biases
due to the crosstalk with K in Eq. (44) by adding a shift de; proportional
to K. We account for the rise and fall times of the current pulse by using
pulse edges with 90% widths of 0.5ns [see K () in Fig. 25]. We numerically
optimize the variable parameters to minimize the FEuclidean distance be-
tween the actual achieved gate and the desired Weyl chamber target CNOT
gate. We find K/h = —0.30 GHz, €¢{/h = 8.06 GHz, €3/h = 2.03 GHz, and
tx = 8.74ns; tg is the time during which the qubit coupling is turned on.

As outlined above, to achieve a true CNOT gate we still have to de-
termine the pulse sequences which implement the requisite local gates that
take this Weyl chamber target Us to CNOT in the computational basis.
Local gates may be implemented by applying microwave radiation, €;(t),
which couples to agi), and is at or near resonance with the single-qubit
energy level splitting AFE;. We note that the single-qubit Hamiltonian
driven by a resonant oscillating microwave field does not permit one to use
standard NMR pulses, since the static and oscillating fields are not perpen-
dicular, but rather are canted by an angle tan~!(;/€?). To simplify the
pulse sequence, we keep 69-,2 constant at the values used for the non-local
gate generation. This imposes an additional constraint on the local gates:
to generate a local two-qubit gate k1 = k11 ® k12, the two single-qubit gates
k11 and k2 must be simultaneous and of equal duration. We satisfy this
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constraint by making the microwave pulse addressing one qubit resonant
and that addressing the other slightly off-resonance. Using this offset and
the relative amplitude and phase of the two microwave pulses as variables,
we can achieve two different single-qubit gates simultaneously, leading to
our required local two-qubit gate.

The resulting pulse sequences for K and €; 2 are shown in Fig. 25. The
gate has a maximum deviation from CNOT in the computational basis
of 1.6% in any matrix element. This error arises predominantly from the
cross-coupling of the microwave signals for the two qubits and the weak
modulation of the K = 0 state of the coupler during the single-qubit mi-
crowave manipulations. While small, this error could be reduced further by
performing the numerical optimization with higher precision or by coupling
the microwave flux selectively to each of the qubits and not to the SQUID.
The total elapsed time of 29.35ns is comparable to measured dephasing

times in a single flux qubit 7°.

~

g /h

@)

K(t)/h
OCIDO

D= DO i

[E—

ez(t) /h

=)

, 0 5 10 1 0 25 30
Figure 25. Pulse sequence for 1mplomqp(1flg NOT gate. Energy scales in GHz. Total
single-qubit energy bias €;(t) = €?+&;(¢)+Je; (t), where microwave pulses & 2(¢) produce
single-qubit rotations in the decoupled configuration; crosstalk modulation of K (t) is
shown (see text). The bias current is pulsed to turn on the interaction in the central
region.

We have shown in the preceeding paragraphs that the inverse dynamic
inductance of a dc SQUID with low S in the zero-voltage state can be
varied by pulsing the bias current. This technique provides a variable-
strength interaction K, between flux qubits coupled to the SQUID, and
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Figure 26. Chain of flux qubits with intervening dc SQUIDs arranged to provide both
variable nearest neighbor coupling and qubit readout.

enables cancellation of the direct mutual inductive coupling Ky between
the qubits so that the net coupling K can be switched from a substantial
value to zero. By steering a nonlocal gate trajectory and combining it
with local gates composed of simultaneous single-qubit rotations driven by
resonant and off-resonant microwave pulses, we have shown that a simple
pulse sequence containing a single switching of the flux coupling for fixed
static flux biases results in a CNOT gate and full entanglement of two
flux qubits on a timescale comparable to measured decoherence times for
flux qubits. Furthermore, the same SQUID can be used to determine the
flux state of the qubits. This approach should be readily scalable to larger
numbers of qubits, as, for example, in Fig. 26.

A wide range of other coupling schemes have been proposed and a few of
them realized, which we will briefly review here. We will indicate a coupling
Hamiltonian of the form Ko, ® o3 simply as AB.

A constant ZZ coupling using a flux transformer has been demonstrated
for flux qubits 8%, This is expcted to be possible up to strong coupling
188 This transformer can in principle be made tunable by including a
DC-SQUID loop "7 or another superconducting switch '* into the loop.
Alternatively, the conjugate variable, charge, can be used in capacitive
coupling, leading to a non-tunable X X + Y'Y interaction 9. All of these
proposals need one physical coupling element per interacting pair, so they
will conceivably be of nearest-neighbor type.

For phase qubits, the coupling is not straightforwardly put into a Pauli
matrix representation and the coupling matrix is generally bias dependent
191 and also depends on whether the qubits are encoded into adiabatic
eigenstates or a global basis; however, the resulting interaction certainly has

181 A spectroscopic hint on two-qubit entanglement 92

entangling power
and three qubit interaction 193 has been observed. Very recently, coherent
manipulations have been achieved in this system in a setup which allows
for simultaneous measurement 18

In the charge qubit case, a resonator coil between all qubits has been



October 14, 2005 17:56 Proceedings Trim Size: 9in x 6in DVproch

63

proposed for a Y'Y interaction 3°, which is tunable and of arbitrary range
but does not appear to be compatible with parallel operation. Note, that
a large coil usually provides strong coupling to external noise, but it can in
principle be replaced by a large classical Josephson junction using the ki-
netic inductance °4195:196  Using the screening currents inside loop-shaped
charge qubits, a tunable X X nearest-neighbor interaction can be imple-
mented '97. More easily, one can implement a capacitive interaction, which
leads to ZZ. This is typically constant; however, using the capacitance of
additional Josephson junctions it can be made tunable 2. Coherent charge
dynamics and conditional operations with constant capacitive interaction
have been demonstrated 71°7. A tunable nearest-neighbor XX + YY
coupling is achieved by connection with SQUIDs; however, the interaction
strength is rather low 198, Charge qubits can profit from a cavity, mediating
an X X- interaction ' and nonclassical radiation 2%°.

The interaction between quantronia can be implemented using a capac-
itor and is expected to be of XX + Y'Y structure.

This variety of possible interactions opens the question, which type of
interactions are efficient and about the importance of tunability, long range,
and parallel operation. Clearly, tunability is not needed for the demonstra-
tion of gates on a few qubits similar to NMR 201:10,107.202. hgwever, with
an increasing number of qubits, controls are supposed to become more and
more complex. In fact, the in situ tunability of interactions is one of the
main advantages of superconducting qubits and shouldnot be given up. On
the other hand, long range interactions are less crucial as algorithms oper-
ate efficiently even on linear nearest neighbor arrays 2°3. It is on the other
hand absolutely crucial to operate in parallel.

9. Summary

Let’s take an overview of the present status of superconducting Josephson
qubits from a view point of the theme of this conference ; “Are the DiVin-
cenzo criteria satisfied by today’s experiments ?”

(1) A scalable physical system of well-characterized qubits

Employing the very advanced micro and nano fabrication technol-
ogy from the semiconductor industry, superconducting qubits have
strong potential advantage in scalability towards the circuit level,
including tunable coupling switches.
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(2)

The ability to initialize the state of the qubits to a simple fiducial
state

The requirement of proper initialization can be satisfied if supercon-
ducting qubit devices are operated at low enough temperature ~20
mK, which is also far below the critical temperature of aluminum
(~1.2 K), niobium (~9 K) or other superconducting materials, such
that the ground state is occupied with probability nearly 1. The
qubit state is protected from rapid energy relaxation once it is cooled
below the critical temperature, because it is disconnected from the
phonon bath and there is an energy gap in the quasi-particle density
of states.

Long (relative) decoherence times, much longer than the gate-
operation time

A typical decoherence time of a present superconducting Josephson
qubit is T3 ~0.5us during free induction decay®\""* and it reaches
T, ~24us under the echo pulse technique®'. Whereas a typical time
for single qubit gate operation, e.g a w-rotation pulse, is an order
of 0.1 ns under strong driving. The present few ns m-rotation time
via the conditional side-band transition of qubit LC-resonator cou-

1097 is ready to improve as a design enabling strong

pled system
driving. In order to demonstrate C-NOT gate operation, a series
of phase-shifted composite side-band pulses are needed. So, the
present typical decoherence time normalized by a single two-qubit
gate operation time would be an order of 103. This experimental
value is a result at the optimal operating point, which is a com-
monly used strategy to decouple qubit to the first order from out-

side “charge” and “flux” noise®’.

A universal set of quantum gates

An arbitrary rotational gate for a single qubit operation is realized
by applying resonant microwave pulses from an on-chip microwave
circuit. This is already demonstrated and established in all types of
superconducting qubits, i.e., the“charge”””, “phase”%?70, “charge-

phase” 81195 and “fux”™ qubits. In order to achieve noise torelant
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qubit operation and to achieve two-axis qubit rotation without us-
ing slow detuning technique, NMR-like multi pulse sequence con-
trol has been demonstrated in a “charge-phase” qubit’ and also in
795 qubit respectively. The antiphase oscillation of the |01)
and |10) states in the capacitively coupled Josephson phase two-
qubits'®® has been observed. So far, the C-NOT gate operation has
been demonstrated only in a ”charge” two-qubit system!'°”.

a “flux

(5) A qubit-specific measurement capability

Measurement of qubit state can be done, for example, using an ex-
tremely sensitive magnetic flux quantum detector namely a SQUID
which is placed adjacent to the qubit. Single-shot readout has been
achieved in a “flux” qubit for the first time in the slow ramping read-
out method?°1%! and recently in a “charge” qubit using an S-SET
pulsed readout technique'®® and very recently in a “charge-phase”
qubit coupled to a transmittion line resonator using reflection wave
phase detection'%?. Furthermore, the state of the qubit can be mea-
sured by dispersive technique that probes the second derivative of
the state energy with respect to qubit bias parameters. The phase
degree of freedom is used to perform inductive readout'®® using
Josephson bifurcation amplification””. This novel readout projects
the state of the qubit typically in a few hundred nano second which
is roughly two orders of magnitude faster than the conventional
switching readout which inevitably includes the dead time due to
a large numbers of generated quasiparticles to relax to the ground
state. This new readout method has a lot of advantages with an
improved signal to noise ratio and contrast. Thus the readout visi-
bility of the coherent oscillation is becoming better approaching the
unit visibility.

Certainly, theoretical proposals for meeting all DiVincenzo’s criteria
have been put forward and no principal obstacle is known. However, a few
experimental issues in decoherence, in particular the loss of visibility, are
not fully understood today and may prove problematic if they are funda-
mental.
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